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@AA B CDEFGFHIHJK L MNOPQRSNRST L MNOPQRSNRS MRNULUSVSPW XY GYZIGH[@A\] B CDEFGFHIHJK L MRSNRST L MRSNRS MRNULUSVSPW XY GYZIGH[^^@_ B FD`HJ FIGYa GbbHJHc ZG`[[HXYdef\ B CDEFGFHIHJK XgJDHY[hi`X]\jdk B cEYaJHEY blKY`mKDGJHEY bX CEHb[T SnMoP RQponpLnqW rQSstP QnouQRLPNR vonqPSNn XYGYZIGH[wxyz {|A} B aEbX ~ mGJDHaX bX CGDHJK bX cGHFIX bXY[HJKT VNr pQnOSPW MLRSPW qtQq� XY GYZIGH[{{\ B IEZGDHJ�mX b` DGCCEDJ bX �DGH[XmFIGYaXT VNsLRSPtu VS�QVStNNp RLPSN XY GYZIGH[�@A B uL�Suou L MNOPQRSNRS�{ B uL�Suou VS�QVStNNpwxyz�� �\�} B aEbX`D aEY�EI`JHc [�[JKmGJHi`X YEY DKa`D[HcT nNn RQqoROS�Q OWOPQuLPSq qNn�N�VoPSNnLV qNpQ XY GYZIGH[wxyz� A}} B aEbX[ aEY�EI`JHc[ aEYaGJKYK[ XY CGDGIIhIXT MLRLVVQV qNnqLPQnLPQp qNn�NVoPSNnLVqNpQO XY GYZIGH[wxyz \@ B aEbX ~ DKCKJHJHEY Gaa`m`IGJHEYT RQMQLP LqqouoVLPQp qNpQ XY GYZIGH[wxyz�� \�} B aEbX`D aEY�EI`JHc DKa`D[Hc [�[JKmGJHi`XT RQqoROS�Q OWOPQuLPSq qNn�NVoPSNnLVqNpQ XY GYZIGH[�d\k B [Ki`XYaX blXYJDKX ~ DKCEY[X �YHX���@ B bKaEbX`D bX �HJXDFH ~ [EDJHX[ CEYbKDKX[ �ONvP NoPMoP �SPQRUS LVsNRSPtu XY GYZIGH[���\ B DGCCEDJ [HZYGI ~ FD`HJT OSsnLV PN nNSOQ RLPSN XY GYZIGH[^d\ B JG`g blXDDX`D[ FHJjdk cEYaJHEY blKY`mKDGJHEY bX CEHb[ rQSstP QnouQRLPNR vonqPSNn
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ª«ª ¬®¯°±²³®´°
µGY[ IX[ GYYKX[ i`H EYJ [`H�H IX[ JDG�G`g bX ¶�GYYEY XY ·¸¹º »¹¹¼T IX[ a�XDa�X`D[ EYJ CDECE[K bX[aEbX[ aEDDXaJX`D[ blXDDX`D[ bX aEmCIXgHJK DGH[EYYGFIX JE`J XY G�GYJ bX FEYYX[ bH[JGYaX[ mHYHmGIX[½¾lHbKX bX aEmFHYXD CI`[HX`D[ aEbX[ [HmCIX[ CE`D EFJXYHD bX[ aEbX[ CI`[ CXDcEDmGYJ[ G KJK CDECE[KXXY ·¸¿¹ G�Xa IX[ aEbX[ CDEb`HJ[ CGD ÀIHG[ »·¿¼½ ÁE`[ �XDDEY[ i`X aXJJX HbKX CXDmXJ blEFJXYHD bX[aEbX[ G�GYJ bX[ aGDGaJKDH[JHi`X[ JDh[ CDEa�X[ bX aXIIX[ bX[ aEbX[ GIKGJEHDX[ mGIZDK `YX [JD`aJ`DXbX aEbGZX [HmCIX½ÂXCXYbGYJ CE`D aX[ aEbX[T IX bKaEbGZX KJGHJ cEDJXmXYJ [E`[ ECJHmGI aGD HI cGH[GHJ GCCXI ~ bX[bKaEbX`D[ ~ bKaH[HEY[ cXDmX[½¾G bKaE`�XDJX XY ·¸¸Ã CGD ÄXDDE` XJ ÅIG�HX`g »̧ ¼ bX[ Æ`DFE aEbX[ E` aEbX[ aEY�EI`JHc[ aEYaGÇJKYK[ XY CGDGIIhIX XJ IG DXbKaE`�XDJX bX[ aEbX[ ¾µÈÂ �VNr pQnOSPW MLRSPW qtQq� qNpQ XY GYZIGH[� GXY�Y CXDmH[ bX [X DGCCDEa�XD YXJJXmXYJ bX IG IHmHJX bX aGCGaHJK �i`XIi`X[ bHÉHhmX[ bX bÄ CE`DbX[ JDGmX[ bX CI`[HX`D[ mHIIHXD[ bX FHJ[ [`D `Y aGYGI ÄÄÊÅ�½ÈE`D IX bKaEbGZX bX aX[ aEbX[ IX[ G`JX`D[ EY CDECE[K bl̀ JHIH[XD `Y bKaEbX`D HJKDGJHc bEYJ IX[bKaEbX`D[ KIKmXYJGHDX[ [EYJ ~ XYJDKX[ XJ [EDJHX[ CEYbKDKX[½ ÄHXY i`X IX bKaEbGZX HJKDGJHc [EHJ [E`[ECJHmGI HI aEY�XDZX CDX[i`X JE Ë̀E`D[ �XD[ IG [EI`JHEY EFJXY`X CGD IX bKaEbGZX ~ mGgHm`m bX�DGH[XmFIGYaX½ÀY DK[`mKT IX[ JDEH[ CDHYaHCG`g CEHYJ[ cEYbGmXYJG`g i`X YE`[ KJ`bHXDEY[ bGY[ aX a�GCHJDX [EYJIX[ [`H�GYJ[ BÌ IlGCCDEa�X b` aEbGZX GIKGJEHDX EFJXY`X ZDÍaX ~ IG aEYaGJKYGJHEY bX CI`[HX`D[ aEbX[ XJ Il̀ JHÇIH[GJHEY blXYJDXIGaX`D[TÌ IX DXmCIGaXmXYJ b` bKaEbGZX ~ [EDJHX[ cXDmX[ bX[ aEbX[ aEY[JHJ`GYJ[ CGD IX bKaEbGZX ~ [EDJHX[CEYbKDKX[TÌ IlHYJDEb`aJHEY b` bKaEbGZX HJKDGJHc½ÁE`[ aEmmXYaXDEY[ CGD HYJDEb`HDX IX[ JXa�YHi`X[ bX bKaEbGZX ~ XYJDKX[ XJ [EDJHX[ CEYbKDKX[½ÀY[`HJX YE`[ CDK[XYJXDEY[ IX[ aEbX[ ÈÂÄÂT ¾µÈÂ½ ÎHYGIXmXYJ YE`[ KJ`bHXDEY[ IX[ aEbX[ aEY�EÇI`JHc[ aEYaGJKYK[ XY CGDGIIhIX E` Æ`DFE aEbX[ GHY[H i`X IX[ aEbX[ aEY�EI`JHc[ aEYaGJKYK[ XY [KDHX½

ª«Ï ÐÑ³°±ÒÓÔ Õ Ô®¯ÑÔÖ Ô® Ö°¯®´ÔÖ ×°±Ñ¯ÑÔÖ
Ø$Ù$Ø Ú"Û�!ÜÝÞÛ !"µGY[ IX a�GCHJDX CDKaKbXYJT YE`[ G�EY[ HYJDEb`HJ IX bKaEbX`D uL�Suou L MNOPQRSNRS �ßÊÈ� i`Ha�XDa�X CGDmH JE`JX[ IX[ [Ki`XYaX[ CE[[HFIX[

x
T IG [Ki`XYaX X[JHmKX

x̂
CE`D IGi`XIIX IG CDEFGFHIHJKaEYbHJHEYYXIIX Pr(x|y) X[J IG CI`[ ZDGYbX½

·



7 àá�â�ã�� äå à�æ�� à�çà�ãèçè� �ã æèà�æ��� �ãè��ã�é
µGY[ aX CGDGZDGC�XT YE`[ GIIEY[ YE`[ HYJKDX[[XD G` bKaEbGZX ~ XYJDKX XJ [EDJHX CEYbKDKX[½ ÂXbKaEbX`D aGIa`IX CE`D a�Gi`X FHJT IG CDEFGFHIHJK aEYbHJHEYYXIIX L MNOPQRSNRS APP (xi = a)

[`H�GYJX B
APP (xi = a) = Pr{xi = a|y}

=
∑

x

Pr{x, xi = a|y}

=
∑

x:xi=a

Pr{x|y}

=
∑

x:xi=a

p(y|x)Pr{x}
p(y)

∝
∑

x:xi=a

p(y|x)Pr{x} �·½·�
¾X [HZYX ∝ [HZYH�X êCDECEDJHEYYXI ~ê½
∑

x:xi=a

[HZYH�X i`X IG [EmmX X[J XëXaJ`KX CE`D JE`[ IX[ mEJ[ bX aEbX x
bEYJ IX FHJ XY CE[HJHEY

i xi = a
½ÂEmmX bGY[ aX a�GCHJDXT YE`[ YE`[ DX[JDXHYbDEY[ G` aG[ bX IG mEb`IGJHEY FHCEbGIXT a

CE`DDGCDXYbDX IG �GIX`D +1
E` −1

½¶H EY [`CCE[X i`X IX[ CDEFGFHIHJK[ aEYbHJHEYYXIIX[ p(yj |xj)
XJ IX[ CDEFGFHIHJK[ L MRSNRS Pr{xj}[EYJ HYbKCXYbGYJX[T GIED[ EY CX`J KaDHDX B

APP (xi = a) ∝
∑

x:xi=a

∏

j

p(yj |xj)Pr{xj}
�·½7�

ÎHYGIXmXYJ XY [EDJGYJ IG CDEFGFHIHJK L MRSNRS Pr{xi = a} XJ IG CDEFGFHIHJK aEYbHJHEYYXIIX
p(yi|xi)

b` [HZYX [EmmXT EY EFJHXYJ IG DXIGJHEY aIG[[Hi`X [`H�GYJX B
APP (xi = a) ∝ Pr{xi = a}p(yi|xi)EXTR(xi = a)

�·½Ã�
G�Xa IG CDEFGFHIHJK XgJDHY[hi`X EXTR(xi = a)

B
EXTR(xi = a) =

∑

x:xi=a

∏

j 6=i

p(yj |xj)Pr{xj}
�·½¹�

ÊHY[H IG CDEFGFHIHJK L MNOPQRSNRS APP (xi = a) X[J IX CDEb`HJ bX JDEH[ JXDmX[ B IG CDEFGFHIHJK LMRSNRS Pr{xi = a}T IG CDEFGFHIHJK aEYbHJHEYYXIIX p(yi|xi)
XJ IG CDEFGFHIHJK XgJDHY[hi`X EXTR(xi =

a)
½ ìI X[J HmCEDJGYJ bX YEJXD i`X IX aGIa`I bX EXTR(xi = a)

`JHIH[X JE`JX[ IX[ HYcEDmGJHEY[bH[CEYHFIX[ Pr{xj} XJ p(yj |xj)
XgaXCJKX[ Pr{xi = a} XJ p(yi|xi)

½ ÁE`[ �XDDEY[ i`X aXJJX CDECDHKJKX[J cEYbGmXYJGIX CE`D IX bKaEbGZX HJKDGJHc bX[ aEbX[ aEYaGJKYK[½
µGY[ IG DXIGJHEY �·½Ã�T HI X[J CGDcEH[ CI`[ CDGJHi`X bl̀ JHIH[XD bX[ IEZGDHJ�mX[ bX DGCCEDJ bX�DGH[XmFIGYaX ¾¾í �VNsLRSPtu VS�QVStNNp RLPSN XY GYZIGH[� ~ IG CIGaX bX[ CDEFGFHIHJK[ IED[i`X aCX`J CDXYbDX IX[ �GIX`D[ î· E` Ç·½¾G DXIGJHEY �·½Ã� [lKaDHJ GIED[ B

ln
APP (xi = +1)

APP (xi = −1)
= ln

Pr(xi = +1)

Pr(xi = −1)
+ ln

p(yi|xi = +1)

p(yi|xi = −1)
+ ln

EXTR(xi = +1)

EXTR(xi = −1)

�·½¿�
ÂXJJX DXIGJHEY [lKaDHJ [HmCIXmXYJ
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LAPP (xi) = LAPRI(xi) + LINT (xi) + LEXTR(xi)

�·½ñ�
G�Xa

LAPP (xi) = ln
APP (xi = +1)

APP (xi = −1)

LAPRI(xi) = ln
Pr(xi = +1)

Pr(xi = −1)

LINT (xi) = ln
p(yi|xi = +1)

p(yi|xi = −1)

LEXTR(xi) = ln
EXTR(xi = +1)

EXTR(xi = −1)

LAPRI(xi)
T
LINT (xi)

T
LEXTR(xi)

XJ LAPP (xi)
[EYJ DX[CXaJH�XmXYJ IX[ IEZGDHJ�mX[ b` DGCCEDJbX �DGH[XmFIGYaX L MRSNRST HYJDHY[hi`X E` H[[` b` aGYGI bX JDGY[mH[[HEYT XgJDHY[hi`X XJ L MNOPQRSNRS½

ÎHYGIXmXYJ EY CX`J G`[[H XgCDHmXD p(yi|xi = +1) XJ p(yi|xi = −1) XY cEYaJHEY bX LINT (xi)
½ ÊCGDJHD bX IG bK�YHJHEY bX LINT (xi)

T EY G B
p(yi|xi = +1) = exp(LINT (xi))p(yi|xi = −1)

�·½ò�ÀY m`IJHCIHGYJ XJ bH�H[GYJ CGD
1 + exp(LINT (xi))

T aXJJX DXIGJHEY [lKaDHJ B
p(yi|xi = +1) =

exp(LINT (xi))

1 + exp(LINT (xi))
(p(yi|xi = −1) + p(yi|xi = −1))

�·½º�
ÈGD GHIIX`D[T EY G B

p(yi|xi = −1) =
1

1 + exp(LINT (xi))
(p(yi|xi = −1) + p(yi|xi = −1))

�·½̧ �
ÎHYGIXmXYJ EY G IX[ DXIGJHEY[ [`H�GYJX[ B

p(yi|xi = +1) ∝ exp(LINT (xi))

1 + exp(LINT (xi))

�·½·ó�
p(yi|xi = −1) ∝ 1

1 + exp(LINT (xi))

�·½··�
Eô ∝ [HZYH�X CDECEDJHEYYXI ~½

Ø$Ù$Ù õöö÷ ÞøÛ !" øÝ Þø"ø÷ ù ú�Ý Û ú÷ø"Þ øÜÜ Û û üøÝ�� �"ýY aEY[HbhDX `YX [Ki`XYaX þ aEbKX CGD `Y aEbX bX DXYbXmXYJ R
½ ÂXJJX [Ki`XYaX X[J JDGY[mH[X[`D `Y aGYGI GbbHJHc ~ FD`HJ FIGYa ZG`[[HXY XY `JHIH[GYJ `YX mEb`IGJHEY FHCEbGIX½ ¾lKa�GYJHIIEYDXÿ` XY [EDJHX b` �IJDX GbGCJK

yi
X[J KZGI ~ B

yi =
√

REbxi + ni
�·½·7�

Eb
X[J IlKYXDZHX CGD FHJ `JHIX XJ ni

X[J IlKa�GYJHIIEY bX FD`HJ bX �GDHGYaX σ2 = N0

2ÂEmmX IX FD`HJ X[J ZG`[[HXYT IG CDEFGFHIHJK aEYbHJHEYYXIIX p(yi|xi)
[lKaDHJ B

p(yi|xi) =
1√

2πσ2
exp

(−(yi − xi)
2

2σ2

) �·½·Ã�
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ÂGIa`IEY[ IlHYcEDmGJHEY HYJDHY[hi`X LINT (xi)

B
LINT (xi) = ln

p(yi|xi = +1)

p(yi|xi = −1)

= ln

1√
2σ2

exp

(

−(yi−1)2

2σ2

)

1√
2σ2

exp

(

−(yi+1)2

2σ2

)

=
2yi

σ2

�·½·¹�
ÊHY[H CE`D IX aGYGI ÄÄÊÅT IX [HZYGI DXÿ` yi

X[J CDECEDJHEYYXI ~ IlHYcEDmGJHEY HYJDHY[hi`X
LINT (xi)

½ ÂXJJX CDECDHKJK CXDmXJ bX aEmCDXYbDX CE`Di`EH EY `JHIH[X ZKYKDGIXmXYJ IX[ IEZGDHJ�mX[bX DGCCEDJ bX �DGH[XmFIGYaX CE`D IX bKaEbGZX ~ XYJDKX[ XJ [EDJHX[ CEYbKDKX[½
Ø$Ù$# �ø� ÜÝ Þ!Ü� Ü� öø� Û� �#�Ù�

¾X ZDGC�X cGaJEDH[K � G[[EaHK ~ aX aEbX X[J CDK[XYJK [`D IG �Z`DX ·½·½

u1

c2

x3

( )11 xyp

( )33 xyp

( )22 xyp

c1

u2

���	 ·½· Ì ÅDGC�X cGaJEDH[K b` aEbX bX CGDHJK �ÃT7�½
Ê CGDJHD bX[ Ka�GYJHIIEY[ DXÿ`[ y1, y2

XJ y3
EY CX`J aGIa`IXD IX[ CDEFGFHIHJK[ aEYbHJHEYYXIIX[

p(y1|x1 = −1)
T
p(y1|x1 = 1)

T
p(y2|x2 = −1)

T
p(y2|x2 = 1)

T
p(y3|x3 = −1) XJ p(y3|x3 = 1)

½ ÀYGCCIHi`GYJ IG DXIGJHEY �·½Ã� EY EFJHXYJ CE`D
APP (x1 = a)

APP (x1 = a) = Pr{x1 = a|y1, y2, y3}
∝ Pr{y1|x1 = a}Pr{x1 = a}EXTR(x1 = a)

�·½·¿�
G�Xa

EXTR(x1 = +1) =
∑

x:xi=1

∏

j 6=1

p(yj |xj)Pr{xj}

= p(y2|x2 = −1)Pr{x2 = −1}p(y3|x3 = +1)Pr{x3 = +1}
+ p(y2|x2 = +1)Pr{x2 = +1}p(y3|x3 = −1)Pr{x3 = −1} �·½·ñ�


�� ����� ��� ������ �� ����� �� ��� ������ ���� �� � ������ �� ��� ������  �!��"��� ��� ���������!"#$��� !���������� ��� %������� �&�� ' �� ���"� �� !���� �� ����%"��"��( )�� ������ ���� ������� ������ �!��"��� !� "�� ��%������ ��  �!��"�� �� ��*�*"�"�� !����"��� � �����"�"
Pr{x;y} ��� ��� ��$���!� �� ������� !����

x
�� �+�*��,��"��

y
(
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EXTR(x1 = −1) =

∑

x:xi=−1

∏

j 6=1

p(yj |xj)Pr{xj}

= p(y2|x2 = −1)Pr{x2 = −1}p(y3|x3 = −1)Pr{x3 = −1}
+ p(y2|x2 = +1)Pr{x2 = +1}p(y3|x3 = +1)Pr{x3 = +1} �·½·ò�

Ø$Ù$1 �ø� ÜÝ Þ!Ü� Ü� ��ö�Û Û !" �#�Ø�
¾X ZDGC�X cGaJEDH[K G[[EaHK ~ aX aEbX X[J CDK[XYJK [`D IG �Z`DX ·½7½

u1 c2 c3

( )11 xyp ( )33 xyp( )22 xyp

c
1

=

���	 ·½7 Ì ÅDGC�X cGaJEDH[K b` aEbX bX DKCKJHJHEY �ÃT·�½
Ê CGDJHD bX[ Ka�GYJHIIEY[ DXÿ`[ y1, y2

XJ y3
EY CX`J aGIa`IXD IX[ CDEFGFHIHJK[ aEYbHJHEYYXIIX[

p(y1|x1 = −1)
T
p(y1|x1 = +1)

T
p(y2|x2 = −1)

T
p(y2|x2 = +1)

T
p(y3|x3 = −1)

T
p(y3|x3 = +1)

½ ÀYGCCIHi`GYJ IG DXIGJHEY �·½Ã� EY EFJHXYJ CE`D
APP (x1 = a)

APP (x1 = a) = Pr{x1 = a|y1, y2, y3}
∝ Pr{y1|x1 = a}Pr{x1 = a}EXTR(x1 = a)

�·½·º�G�Xa
EXTR(x1 = +1) =

∑

x:xi=1

∏

j 6=1

p(yj |xj)Pr{xj}

= p(y2|x2 = +1)Pr{x2 = +1}p(y3|x3 = +1)Pr{x3 = +1} �·½·¸�
EXTR(x1 = −1) =

∑

x:xi=−1

∏

j 6=1

p(yj |xj)Pr{xj}

= p(y2|x2 = −1)Pr{x2 = −1}p(y3|x3 = −1)Pr{x3 = −1} �·½7ó�
ª«2 34Ó°¯´®56Ô 7°66Ô89¯°±²´®
Ø$#$Ø Ú"Û�!ÜÝÞÛ !"¾lGIZEDHJ�mX ¶EmmXÇÈDEb`HJ CXDmXJ `Y aGIa`I X:aGaX bX JE`JX[ IX[ CDEFGFHIHJK[ L MNOPQRSNRS
APP (xi = a)

½ µHëKDXYJ[ GIZEDHJ�mX[ H[[`[ b` JDGHJXmXYJ b` [HZYGI XJ bX[ aEmm`YHaGJHEY[ Y`mKÇDHi`X[ CX`�XYJ ;JDX bKaDHJ[ G�Xa aX [HmCIX GIZEDHJ�mX½ ÂXJ GIZEDHJ�mX X[J G`[[H aEYY` [E`[ IX YEmblGIZEDHJ�mX bX CDECGZGJHEY bX aDE�GYaX ÄÈ � UQVSQv MRNMLsLPSNn XY GYZIGH[� bGY[ IX bEmGHYX bXIlHYJXIIHZXYaX GDJH�aHXIIX½ ¾lGIZEDHJ�mX ¶EmmXÇÈDEb`HJ X[J GCCIHi`K [`D IX ZDGC�X cGaJEDH[K b` aEbX½¾X[ mX[[GZX[ i`H JDGY[HJXYJ [`D IX[ FDGYa�X[ [EYJ bX[ CDEFGFHIHJK[ E` bX[ IEZGDHJ�mX[ bX DGCCEDJbX �DGH[XmFIGYaX½
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Ø$#$Ù <=ü÷�� Ü� úø��Ê CGDJHD bX[ DK[`IJGJ[ EFJXY`[ CE`D IX aEbX bX CGDHJK �ÃT7� XJ IX aEbX bX DKCKJHJHEY �ÃT·� YE`[GIIEY[ bKJXDmHYXD IX[ DhZIX[ bX bKaEbGZX IED[i`X IlEY GCCIHi`X IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D `YZDGC�X bEYJ IX[ Y>`b[ bX �GDHGFIX [EYJ FHYGHDX[ XJ bEYJ IX[ Y>`b[ bX aEYJD?IX [EYJ bX[ Ki`GJHEY[bX CGDHJK �GbbHJHEY[ mEb`IE 7�½ÁE`[ GIIEY[ XgCDHmXD IG CDXmHhDX DhZIX bX aGIa`I bX IlHYcEDmGJHEY XgJDHY[hi`X½ ¶EHJ IX Y>`b bX�GDHGFIX FHYGHDX X[J bX bXZDK Ã aEmmX [`D IG �Z`DX ·½Ã �G�½

Ta Tb

T

c

µTa→c(c)
µTb→c(c)

µc→T (c)

ca cb

T

c

µca→T (ca)
µcb→T (cb)

µT→c(c)

�G� �F�
���	 ·½Ã Ì ÎIEJ bX mX[[GZX CE`D IX[ aGIa`I[ bX µc→T (c) XJ µT→c(c)

½
¶EHJ µTi→c(c)

IX mX[[GZX b` Y>`b bX aEYJD?IX Ti
�XD[ IX Y>`b bX �GDHGFIX FHYGHDX c

½ ÂX mX[[GZXX[J IG bXY[HJK bX CDEFGFHIHJK bX IG �GDHGFIX FHYGHDX c aEYbHJHEYYKX CGD IX[ HYcEDmGJHEY[ H[[`X[ b`Y>`b
Ta

½ ¾X mX[[GZX µTi→c(c)
X[J `Y �XaJX`D (pi0, pi1)

G�Xa pi0 + pi1 = 1
½ Ê CGDJHD b` aGIa`IbX IlHYcEDmGJHEY XgJDHY[hi`X b` aEbX bX DKCKJHJHEY �ÃT·� EY CX`J aGIa`IXD IX mX[[GZX µc→T (c)

½ ¾GCDXmHhDX DhZIX X[J IG [`H�GYJX B
µc→T (c) = (

pa0pb0

pa1pb1 + pa0pb0
,

pa1pb1

pa1pb1 + pa0pb0
)

�·½7·�
¾X JXDmX pa1pb1 + pa0pb0

G` bKYEmHYGJX`D X[J `Y JXDmX bX YEDmGIH[GJHEY½
ýY aEY[HbhDX `Y Y>`b bX aEYJD?IX T

bX bXZDK Ã aEmmX [`D IG �Z`DX ·½Ã �F�½ ¶EHJ µci→T (ci) =
(pi0, pi1)

IX mX[[GZX b` Y>`b bX �GDHGFIX ci
�XD[ IX Y>`b bX aEYJD?IX T

½ Ê CGDJHD b` aGIa`I bXIlHYcEDmGJHEY XgJDHY[hi`X b` aEbX bX CGDHJK �ÃT·� EY CX`J aGIa`IXD µT→c(c)
½ ýY EFJHXYJ IG [XaEYbXDhZIX bX aGIa`I [`H�GYJX B

µT→c(c) = (pa0pb0 + pa1pb1, pa1pb0 + pa0pb1)
�·½77�

ýY CX`J G`[[H `JHIH[XD IX[ IEZGDHJ�mX[ b` DGCCEDJ bX �DGH[XmFIGYaX CE`D bKaDHDX IX[ mX[[GZX[
µc→T (c) XJ µT→c(c)

½ ¶EHJ
Λi = ln

(

pi1

pi0

) �·½7Ã�
ÁE`[ G�EY[ IX[ DXIGJHEY[ [`H�GYJX[ XYJDX Λi

XJ pi0
XJ pi1

B
pi1 =

exp(Λi)

1 + exp(Λi)
XJ pi0 =

1

1 + exp(Λi)

�·½7¹�
Ê CGDJHD bX IG CDXmHhDX DhZIXT EY EFJHXYJ B

µc→T (c) = µTa→c(c) + µTb→c(c)
�·½7¿�
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¾G [XaEYbX DhZIX [lKaDHJ B

µT→c(c) = ln
exp(Λa) + exp(Λb)

exp(Λa) exp(Λb) + 1

= −2 tanh−1

(

tanh

(

µca→T (ca)

2

)

tanh

(

µcb→T (cb)

2

)) �·½7ñ�
XY `JHIH[GYJ IG DXIGJHEY tanh(u/2) = (exp(u) − 1)/(exp(u) + 1)

»7¼»77¼½
¾ED[i`X IX[ Y>`b[ [EYJ bX bXZDK [`CKDHX`D ~ ÃT IX[ DhZIX[ bX�HXYYXYJ B

µc→T (c) =
∑

n(c)\T

µTi→c(c)
�·½7ò�

Eô
n(c) X[J IlXY[XmFIX bX[ Y>`b[ bX aEYJD?IX DXIHK[ G` Y>`b bX �GDHGFIX c XJ n(c)\T [HZYH�XIlXY[XmFIX n(c) XgaXCJK IX Y>`b bX aEYJD?IX T

½

µT→c(c) = −2 tanh−1





∏

n(T )\c

tanh

(

µci→T (ci)

2

)





�·½7º�
Eô

n(T ) X[J IlXY[XmFIX bX[ Y>`b[ bX �GDHGFIX DXIHK[ G` Y>`b bX CGDHJK
T XJ n(T )\c [HZYH�XIlXY[XmFIX n(T ) XgaXCJK IX Y>`b bX �GDHGFIX c

½
¾lGIZEDHJ�mX ßHYHm`mÇ¶EmmX [lEFJHXYJ ~ CGDJHD bX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ XY DXmCIGÇÿGYJ IlKi`GJHEY �·½7ñ� CGD IlGCCDEgHmGJHEY [`H�GYJX B

µT→c(c) = −min (|µca→T (ca)|, |µcb→T (cb|)
[ZY(µca→T (ca))

[ZY(µcb→T (cb))

= −µca→T (ca) � µcb→T (cb)
�·½7¸�

Eô
[ZY�G�

=

{

+1
[H

a ≥ 0

−1
[H

a < 0

�·½Ãó�
XJ

a � b = min(|a|, |b|)[ZY(a)
[ZY(b)

�·½Ã·�ýY `JHIH[XDG IlECKDGJX`D
�

CE`D [HmCIH�XD IlKaDHJ`DX bGY[ IG [`HJX b` bEa`mXYJ½¾ED[i`X IX Y>`b bX aEYJD?IX X[J bX bXZDK [`CKDHX`D ~ ÃT IG DXIGJHEY �·½7º� bX�HXYJ XY `JHIH[GYJIlECKDGJX`D
�

B
µT→c(c) = −

∑

n(T )\c

� µci→T (ci)
�·½Ã7�

¶`D IG �Z`DX ·½¹ YE`[ G�EY[ aEmCGDK IX[ aE`DFX[ bX aEYJE`D bX[ mX[[GZX[ µT→c(c)
aGIa`IK[XY `JHIH[GYJ IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ �G� XJ ßHYHm`mÇ¶EmmX �F� bGY[ IX aG[ bX Y>`b[ bXaEYJD?IX bX bXZDK Ã½ ÂX[ aE`DFX[ [EYJ JDGaKX[ CE`D

µT→c(c)@ó½¿T ·T ·½¿T 7T 7½¿ XJ Ã ½ÈE`D IX[ cEDJX[ �GIX`D[ bX µci→T (ci)
T IX[ 7 GIZEDHJ�mX[ bEYYXYJ IX[ m;mX[ DK[`IJGJ[½
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�G� �F�
���	 ·½¹ Ì ÂE`DFX[ bX aEYJE`D bX µT→c(c)

XY cEYaJHEY bX µca→T (ca) XJ µcb→T (cb)
�G� GIZEDHJ�mX¶EmmXÇÈDEb`HJ �F� GIZEDHJ�mX ßHYHm`mÇ¶EmmX½

Ø$#$# õöö÷ ÞøÛ !" Ü� ÷Aø÷ü!� ÛBC� D!CC�EF�!ÜÝ Û �Ý� ÷�� ü�øöB�� ûøÞEÛ!� ��� �ø"� ÞGÞ÷�¾lGCCIHaGJHEY bX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D IX[ ZDGC�X[ cGaJEDH[K[ [GY[ a�aIX aEY[H[JX[HmCIXmXYJ ~ GCCIHi`XD IX[ DhZIX[ bKaDHJX[ CDKaKbXmmXYJ XY aEmmXYÿGYJ CGD IX[ XgJDKmHJK[ E`cX`HIIX[ bX IlGDFDX½ ¾lGIZEDHJ�mX [X JXDmHYX IED[i`X JE`JX[ IX[ FDGYa�X[ EYJ KJK XgCIEDKX[ bX`g cEH[ B`YX cEH[ bGY[ IX [XY[ GIIXD XJ `YX cEH[ bGY[ IX [XY[ DXJE`D½
Ø$#$1 HI�Cö÷�ÂEY[HbKDEY[ IX aEbX IHYKGHDX XY FIEa �òT¹� bK�YH CGD IG mGJDHaX bX CGDHJK [`H�GYJX B

H =





1 1 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1





�·½ÃÃ�
¾X[ JDEH[ FHJ[ bX CGDHJK [EYJ EFJXY`[ aEmmX [`HJ B

u1 + u2 + c5 = 0 T1

u1 + u3 + c6 = 0 T2

u1 + u4 + c7 = 0 T3¾X ZDGC�X bX ÆGYYXD bX aX aEbX X[J bEYYK [`D IG �Z`DX ·½¿½ÈGD DGCCEDJ G` aEbX bX JGmmHYZ �òT¹�T IG bH[JGYaX mHYHmGIX bX aX aEbX YlX[J i`X bX 7½¶EHJ IG [Ki`XYaX þ = [+1− 1− 1+1+1+1− 1]
G[[EaHKX G` mEJ bX aEbX FHYGHDX w = [1001110]

½¾G [Ki`XYaX þ X[J KmH[X [`D `Y aGYGI GbbHJHc ~ FD`HJ FIGYa ZG`[[HXY bX �GDHGYaX σ2 = 0.75
½¶EHJ IG [Ki`XYaX DXÿ`X K = [+1.2 − 0.4 − 1.5 − 0.4 + 1.2 − 0.75 − 1.5]

½ÀY `JHIH[GYJ bHDXaJXmXYJ IX[ CDEFGFHIHJK[ aEYbHJHEYYXIIX[ p(yi|xi = −1) XJ p(yi|xi = +1) aGIÇa`IKX[ ~ CGDJHD bX[ Ka�GYJHIIEY[ DXÿ`[ yi
XY `JHIH[GYJ IX[ DXIGJHEY[ �·½7¹�T YE`[ CE`�EY[ GCCIHi`XDIlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D IX ZDGC�X cGaJEDH[K b` aEbX �òT¹�½¾X[ bHëKDXYJX[ KJGCX[ [EYJ CDK[XYJKX[ [`D IG �Z`DX ·½ñ½ ýY aEmmXYaX CGD CDECGZXD IX[ CDEFGÇFHIHJK[ aEYbHJHEYYXIIX[ �XD[ IX[ Y>`b[ bX CGDHJK

T1, T2
XJ T3

�G�½ È`H[ XY `JHIH[GYJ IG [XaEYbX DhZIXTEY aGIa`IX IX[ mX[[GZX[ �XD[ IX Y>`b bX �GDHGFIX c1
�F�½ ÀY[`HJXT EY CDECGZX IX[ mX[[GZX[ �XD[ IX[Y>`b[ bX CGDHJK XY `JHIH[GYJ IG CDXmHhDX DhZIX �a�½ ÎHYGIXmXYJ XY `JHIH[GYJ IG [XaEYbX DhZIXT EY EFÇJHXYJ IX[ CDEFGFHIHJK[ XgJDHY[hi`X[ EXTR(xi = a)

½ G[[EaHKX[ G`g Y>`b[ bX �GDHGFIX c2, c3, c4, c5, c6XJ c7
�b�½
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c

2
c

1
u

2
u

3
u

4
u

2
T 3

T

1
T

���	 ·½¿ Ì ÅDGC�X bX ÆGYYXD b` aEbX(7, 4)
½

ÈGD XgXmCIX CE`D IX FHJ
c2

EY G
EXTR(x2 = +1) = 0.46 XJ EXTR(x2 = −1) = 0.54

½ ¾X[CDEFGFHIHJK[ L MNOPQRSNRS [X aGIa`IXYJ GIED[ XY `JHIH[GYJ IG DXIGJHEY �·½Ã� B
APP (x2 = +1) ∝ Pr{x2 = +1}p(y2|x2 = +1)EXTR(x2 = +1)

∝ 0.5 × 0.27 × 0.46 = 0.0621
�·½Ã¹�

APP (x2 = −1) ∝ Pr{x2 = −1}p(y2|x2 = −1)EXTR(x2 = −1)

∝ 0.5 × 0.73 × 0.54 = 0.1971
�·½Ã¿�

ÀY YEDmGIH[GYJ EY EFJHXYJ �YGIXmXYJ
APP (x2 = +1) = 0.2396

APP (x2 = −1) = 0.7604

ÀY `JHIH[GYJ bHDXaJXmXYJ IX[ ¾¾í HYJDHY[hi`X[ LINT (xi) (LINT (xi) = 2yi

σ2 )
T YE`[ CE`�EY[ KZGÇIXmXYJ GCCIHi`XD IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ E` IlGIZEDHJ�mX ßHYHm`mÇ¶EmmX [`D IX ZDGC�XcGaJEDH[K b` aEbX �òT¹�½ ¾X[ bHëKDXYJX[ KJGCX[ bX IlGIZEDHJ�mX ßHYHm`mÇ¶EmmX [EYJ CDK[XYJKX[[`D IG �Z`DX ·½ò½ýY G B

{LINT (xi)} = [+3 − 1 − 4 − 1 + 3 − 2 − 4]ÀY GCCIHi`GYJ IlGIZEDHJ�mX ßHYHm`mÇ¶EmmXT EY EFJHXYJ IX[ ¾¾í XgJDHY[hi`X[ LEXTR(xi)[`H�GYJ[ B
{LEXTR(xi)} = [−2 0 + 2 + 2 0 + 3 + 1]¾X[ ¾¾í L MNOPQRSNRS LAPP (xi)

CX`�XYJ GIED[ ;JDX aGIa`IK[ XY `JHIH[GYJ IG DXIGJHEY LAPP (xi) =
LAPRI(xi) + LINT (xi) + LEXTR(xi)

½ ÎHYGIXmXYJ EY EFJHXYJ B
{LAPP (xi)} = [+1 − 1 − 2 + 1 + 3 + 1 − 3]aGD LAPRI(xi) = 0 XY GF[XYaX blHYcEDmGJHEY L MRSNRS½



·ó àá�â�ã�� äå à�æ�� à�çà�ãèçè� �ã æèà�æ��� �ãè��ã�é
ÄHXY i`X IlGIZEDHJ�mX ßHYHm`mÇ¶EmmX YX [EHJ CG[ `Y GIZEDHJ�mX bX bKaEbGZX �IlEFËXaJHc CDHYÇaHCGI X[J bX bKIH�DXD `YX HYcEDmGJHEY bX �GFHIHJK [`D IX[ FHJ[ bKaEbK[�T [H EY DKGIH[X `Y [X`HIIGZX bX[¾¾í L MNOPQRSNRST EY DXJDE`�X FHXY IX mEJ bX aEbX KmH[ B

x̂ = [+1 − 1 − 1 + 1 + 1 + 1 − 1]
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���	 ·½ñ Ì ÊIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D aEbX(7, 4)
½
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���	 ·½ò Ì ÊIZEDHJ�mX ßHYHm`mÇ¶EmmX [`D aEbX(7, 4)
½
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¾lGIZEDHJ�mX ÊIIXDÇíXJE`D E` ÄÂVí »·¼ X[JHmX IX[ CDEFGFHIHJK[ L MNOPQRSNRS bX[ KJGJ[ XJ bX[JDGY[HJHEY[ bl̀ YX [E`DaX bX ßGDWE� EF[XD�KX ~ JDG�XD[ `Y aGYGI bH[aDXJT FD`HJK XJ [GY[ mKmEHDX½XY aEbX`D aEY�EI`JHc FHYGHDX bX DXYbXmXYJ k/n
CX`J ;JDX �` aEmmX `YX [E`DaX mGDWE�HXYYXbX mKmEHDX · XJ G�Xa S = 2M KJGJ[ HYJXDYX[T Eô M X[J IX YEmFDX bX aXII`IX[ mKmEHDX[ b` aEbX`D½ýY aEY[HbhDX `Y aEbX`D aEY�EI`JHc FHYGHDX bX DXYbXmXYJ k/n

G�Xa S = 2M KJGJ[ HYJXDYX[T Eô
M X[J IX YEmFDX bX aXII`IX[ mKmEHDX[ b` aEbX`D aEY�EI`JHc½

¶EHJ
ut = (u1

t , u
2
t , . . . , u

k
t ) XJ

ct = (c1
t , c

2
t , . . . , c

n
t )

DX[CXaJH�XmXYJ IlXYJDKX XJ IG [EDJHX b` aEÇbX`D aEY�EI`JHc ~ IlHY[JGYJ t
½ ¶EHJ

xt = (x1
t , x

2
t , . . . , x

n
t )

IG [Ki`XYaX G[[EaHKX KmH[X [`D IX aGYGI bXJDGY[mH[[HEY½ÀY [EDJHX b` aGYGI bH[aDXJ FD`HJK XJ [GY[ mKmEHDX IX bKaEbX`D DXÿEHJ yt = (y1
t , y2

t , . . . , yn
t ) ~IlHY[JGYJ t

½ µGY[ aX CGDGZDGC�XT YE`[ YE`[ IHmHJXDEY[ G` aG[ bX[ aEbX[ aEY�EI`JHc[ HY�GDHGYJ[ bGY[IX JXmC[½¾lGIZEDHJ�mX ÊIIXDÇíXJE`D E` ÄÂVí »·¼ CXDmXJ blX[JHmXD IX[ CDEFGFHIHJK[ L MNOPQRSNRS aEYËEHYJX[
σt(m

′,m)
bl̀ Y aEbX`D aEY�EI`JHc EF[XD�K ~ JDG�XD[ `Y aGYGI bH[aDXJT FD`HJK XJ [GY[ mKmEHDX B

σt(m
′,m) = Pr{st = m′; st+1 = m;yT−1

0 } �·½Ãñ�Eô
st

X[J IlKJGJ ~ IlHY[JGYJ t
G�Xa st = m,m ∈ {0, 1, . . . , S − 1} XJ

yT−1
0

X[J IG [Ki`XYaX DXÿ`XbX IlHY[JGYJ ó ~ T − 1
½Ê CGDJHD bX aX[ CDEFGFHIHJK[T EY CX`J bKJXDmHYXD IG CDEFGFHIHJK L MNOPQRSNRS �ÊÈÈ� [`D

xi
t

½ ýYG B
APP (xi

t = a) = Pr{xi
t = a|yT−1

0 }
∝

∑

m′,m/xi
t=a

σt(m
′,m)

�·½Ãò�
ýY aGIa`IX σt(m

′,m) XY `JHIH[GYJ IG DXIGJHEY [`H�GYJX B
σt(m

′,m) = αt(m
′)γt(m

′,m)βt+1(m)
�·½Ãº�Ê�Xa

αt(m
′) = Pr{st = m′;yt−1

0 } �·½Ã¸�
γt(m

′,m) = Pr{st+1 = m;yt|st = m′} �·½¹ó�
βt(m) = Pr{yT−1

t |st = m} �·½¹·�¾X[ i`GYJHJK[ αt(m)
T
γt(m

′,m) XJ βt+1(m)
DXCDK[XYJXYJ IlHYY`XYaX bX IG [Ki`XYaX DXÿ`X DX[CXaÇJH�XmXYJ G�GYJ IlHY[JGYJ t

T ~ IlHY[JGYJ t XJ GCDh[ IlHY[JGYJ t
[`D IG CDEFGFHIHJK aEYËEHYJX σt(m

′,m)
½¾X aGIa`I bX IG mKJDHi`X bX FDGYa�X γt(m

′,m)
[lXgCDHmX aEmmX [`HJ B

γt(m
′,m) = Pr{st+1 = m;yt|st = m′}

= Pr{st+1 = m|st = m′} × Pr{yt|st+1 = m; st = m′}
= Pr{st+1 = m|st = m′}

∑

xt∈X

Pr{yt,xt|st = m′; st+1 = m}

= Pr{st+1 = m|st = m′}
∑

xt∈X

p(yt|xt)Pr{xt = x|st = m′; st+1 = m} �·½¹7�
Eô IG CDEFGFHIHJK L MNOPQRSNRS [`D IG [Ki`XYaX bX [EDJHX aEYbHJHEYYXIIXmXYJ ~ IG [Ki`XYaX blXYJDKXX[J KZGIX ~ B

Pr{yt|xt} =

n
∏

j=1

p(yj
t /xj

t )
�·½¹Ã�
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État m’

État m

)'(mtα

)(1 mt+β)
,'

(
m

m
tγ

XJ p(yj
t /xj

t )
X[J IG CDEFGFHIHJK bX JDGY[HJHEY b` aGYGI½

¾G CDEFGFHIHJK
Pr{þt = þ|st = m′, st+1 = m} X[J KZGIX ~ ó E` · [XIEY þ

t(m
′,m)

B
Pr{þt = þ|st = m′, st+1 = m} =

{

1
[H þ

t(m
′,m) = þ

0
[HYEY �·½¹¹�

¾X aGIa`I bX[ CDEFGFHIHJK[
αt(m) X[J XëXaJ`K CGD DKa`DDXYaX B

αt(m) =

S−1
∑

m′=0

αt−1(m
′)γt−1(m

′,m)
�·½¹¿�

µX m;mX i`X IX aGIa`I bX[ CDEFGFHIHJK[
βt(m)

B
βt(m) =

S−1
∑

m′=0

βt+1(m
′)γt(m

′,m)
�·½¹ñ�

ÀY `JHIH[GYJ �·½Ãº� XJ �·½¹7� EY EFJHXYJ B
APP (xi

t = a) ∝
∑

m′,m|xi
t=a

αt(m
′)Pr{st+1 = m|st = m′}

(

∑

Z
t∈X

p(Kt|þt)Pr{xt = x|st = m′; st+1 = m}
)

βt+1(m)�·½¹ò�ÎHYGIXmXYJT XY `JHIH[GYJ ÀY `JHIH[GYJ �·½¹Ã� XJ �·½¹¹� IlXgCDX[[HEY �·½¹ò� CX`J [lKaDHDX B
APP (xi

t = a) ∝
∑

m′,m/xi
t=a

αt(m
′)Pr{st+1 = m|st = m′}

n
∏

j=1

p(yj
t /xj

t (m
′,m))βt+1(m)

�·½¹º�
¾lXgCDX[[HEY �YGIX bX[ CDEFGFHIHJK[ L MNOPQRSNRS APP (xi

t = a) XJ XgJDHY[hi`X
EXTR(xi

t = a)
bKCXYb bX IG [JD`aJ`DX b` aEbX`D aEY�EI`JHc½

ÁE`[ CE`�EY[ bKaDHDX IlGIZEDHJ�mX ÊIIXDÇíXJE`D XY ¹ KJGCX[ B
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Ì ][\]\^_\�^]\x[¾lKJGJ HYHJHGI XJ IlKJGJ �YGI b` aEbX`D [EYJ KZG`g ~ IlKJGJ ÉKDE

α0(0) = 1 XJ α0(m) = 0 ∀m 6= 0

βT (0) = 1 XJ βT (m) = 0 ∀m 6= 0Ì }^_w�_ yz� γ� z] A�xw`y��z ^__z�¾X[ γ
[ [EYJ aGIa`IK[ CE`D JE`JX[ IX[ FDGYa�X[ XY `JHIH[GYJ IG DXIGJHEY �·½¹7� XJ [Hm`IJGYKmXYJIX[ CDEFGFHIHJK[

αt(m)
[EYJ aGIa`IKX[ ~ CGDJHD bX �·½¹¿�Ì A�xw`y��z �z]x��¾ED[i`X IG [Ki`XYaX

yT−1
0

X[J DXÿ`XT IX[ CDEFGFHIHJK[
βt(m)

[EYJ aGIa`IKX[ XY `JHIH[GYJ IGDXIGJHEY � ·½¹ñ�Ì }^_w�_ yz� a�xb^b\_\]`� c defghijeijÎHYGIXmXYJ IX[ CDEFGFHIHJK[ L MNOPQRSNRS [EYJ aGIa`IKX[ XY `JHIH[GYJ IG DXIGJHEY �·½Ãº�½
}xyz� wx[kx_�]\l� [x[ �K�]`m^]\n�z�ÀY HYJDEb`H[GYJ APRI(xi

t)
IG CDEFGFHIHJK L MRSNRS [`D

xi
t

T
Pr{st+1 = m|st = m′} CX`J [lKaDHDX B

Pr{st+1 = m|st = m′} =

n
∏

i=1

APRI(xi
t = xi

t(m
′,m))

�·½¹¸�
Eô

xi(m′,m) X[J IG �GIX`D bX IG [EDJHX G[[EaHKX ~ IG FDGYa�X (m′,m)¶H G`a`YX CDEFGFHIHJK L MRSNRS YlX[J bH[CEYHFIX ~ IlXYJDKX b` bKaEbX`DT GIED[
APRI(xi

t) = 1/2XJ p(m|m′) X[J KZGI ~ 2n ½ýY G B

APP (xi
t = a) =

∑

m′,m/xi
t=a

αt(m
′)

n
∏

i′=1

APRI(xi′

t = xi′

t (m′,m))
n
∏

j=1

p(yj
t | xj

t (m
′,m))βt+1(m)

= APRI(xi
t = a) × EXTR(xi

t = a)
�·½¿ó�

G�Xa
EXTR(xi

t = a) =
∑

m′,m/xi
t=a

αt(m
′)

n
∏

i′=1

i′ 6=i

APRI(xi′

t = xi′

t (m′,m))
n
∏

j=1

p(yj
t | xj

t (m
′,m))βt+1(m)

�·½¿·�
Ø$1$Ø �!Ü�� Þ!"o!÷ÝÛ û� �G�Û�CøÛ pÝ��

APP (xi
t = a) ∝

∑

m′,m/xi
t=a

αt(m
′)

n
∏

i′=1

APRI(xi′

t = xi′

t (m′,m))

×
n
∏

i′=1

p(yi′

t | xi′

t (m′,m))βt+1(m)

∝ APRI(xi
t = a) × p(yi

t | xi
t = a) × EXTR(xi

t = a)
�·½¿7�

G�Xa



·ñ àá�â�ã�� äå à�æ�� à�çà�ãèçè� �ã æèà�æ��� �ãè��ã�é

EXTR(xi
t = a) =

∑

m′,m/xi
t=a

αt(m
′)

n
∏

i′=1

i′ 6=i

APRI(xi′

t = xi′(m′,m))

×
n
∏

i′=1

i′ 6=i

p(yi′

t | xi′

t (m′,m))βt+1(m)
�·½¿Ã�

}xyz� wx[kx_�]\l� �K�]`m^]\n�z� yz �z[yzmz[] qrs
¶EHJ þ

t = (xS
t , xP

t )
IX mEJ KmH[ [`D IX aGYGI ~ IlHY[JGYJ t XJ K

t = (yS
t , yP

t )
IX[ Ka�GYJHIIEY[ DXÿ`[~ IG [EDJHX b` aGYGI [GY[ mKmEHDX½ ýY G GIED[ B

APP (xS
t = a) ∝

∑

m′,m/xS
t =a

αt(m
′) × APRI(xS

t = xS
t (m′,m)) × APRI(xP

t = xP
t (m′,m))

× p(yS
t | xS

t (m′,m)) × p(yP
t | xP

t (m′,m)) × βt+1(m)

∝ APRI(xS
t = a) × p(yS

t | xS
t = a) × EXTR(xS

t = a)
�·½¿¹�

G�Xa
EXTR(xS

t = a) =
∑

m′,m/xS
t =a

αt(m
′) × APRI(xP

t = xP
t (m′,m)) × p(yP

t | xP
t (m′,m)) × βt+1(m)�·½¿¿�ÀY ZKYKDGIT YE`[ YlG�EY[ G`a`YX HYcEDmGJHEY L MRSNRS [`D

xP
t t IlHYcEDmGJHEY XgJDHY[hi`X EXTR(xS

t =
a)

bX�HXYJ GIED[ B
EXTR(xS

t = a) =
∑

m′,m/xS
t =a

αt(m
′) × p(yP

t | xP
t (m′,m)) × βt+1(m)

�·½¿ñ�
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Ø$1$Ù HI�Cö÷�

ÂEY[HbKDEY[ `Y aEbX`D aEY�EI`JHc DKa`D[Hc [�[JKmGJHi`X bX DXYbXmXYJ ·u7
G(D) =

(

1 1
1+D

)½¾X JDXHIIH[ G[[EaHK X[J CDK[XYJK [`D IG �Z`DX ·½º½

00 00 00

11 11 11

01

Etat 0

i=0 i=1 i=2 i=3 i=4

Etat 1

10 10

00

01 01

10

11

���	 ·½º Ì JDXHIIH[ b` aEbX`D (1 1
1+D

)

¶EHJ IX mEJ blHYcEDmGJHEY XJ IX mEJ bX aEbX G[[EaHK
i

ó · 7 Ã ¹ ¿
ui

· ó ó · · ·
xS

i

î· Ç· Ç· î· î· î·
xP

i

î· î· î· Ç· î· Ç·
¶EHXYJ IX[ HYcEDmGJHEY[ HYJDHY[hi`X[ LINT

DXÿ`X[ b` aGYGI ÄÄÊÅ �EFJXY`X[ GCDh[ YEDmGIH[GÇJHEY� B
LINT (xS

i )
î·½7· Ç·½óó Ç7½ºñ î¹½º¹ îó½̧ ó î¿½ºò

LINT (xP
i )

î·½ó¸ Ç·½óò îÃ½¹¸ îó½ò7 îó½òò Ç·½·Ã
qv w^_w�_ yz� m`]�\n�z� yz b�^[wwz γÈE`D `Y aEbX aEY�EI`JHc [�[JKmGJHi`X bX DXYbXmXYJ ·u7T IX aGIa`I bX IG mKJDHi`X bX FDGYa�XX[J IX [`H�GYJ B

γt(m
′,m) = APRI(xS

t = xS
t (m′,m)) × p(yS

t | xS
t (m′,m)) × p(yP

t | xP
t (m′,m))

�·½¿ò�
ÂGIa`IEY[ p(yt | xt)

CE`D `Y aGYGI ÄÄÊÅ G�Xa xt = ±1
B
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p(yt | xt = a) =
1√

2πσ2
exp

(

−(yt − xt)
2

2σ2

)

∝ exp

(

2ytxt

2σ2

)

∝ exp

(

xt

2
LINT (xt)

)

∝ exp

(

(xt + 1)

2
LINT (xt)

) �·½¿º�
¾X CG[[GZX bX IG [XaEYbX ~ IG JDEH[HhmX IHZYX `JHIH[X IG DXIGJHEY LINT (xt) = 2

σ2 yt
½ ¾G bXDYHhDXIHZYX CXDmXJ bX [HmCIH�XD IX[ aGIa`I[½

µGY[ YEJDX XgXmCIXT XY GF[XYaX blHYcEDmGJHEY L MRSNRST IX[ 2n = 4
mKJDHi`X[ bX FDGYa�X γpq

tEô
p XJ q

[EYJ DX[CXaJH�XmXYJ IX[ FHJ[ DXIGJHc[ ~ xS
t

XJ xP
t

[EYJ bEYYKX[ bGY[ IG JGFIX [`H�GYJX B
γ00

i
· · · · · ·

γ10
i

Ã½Ã¿ ó½Ãñ ó½ó¿ ·7ñ½¹ñ 7½¹¿ Ã¿¹½7¹
γ01

i

7½̧ ò ó½Ã¹ Ã7½òº 7½ó¿ 7½·ñ ó½Ã7
γ11

i

¸½̧ ò ó½·7 ·½ºò 7¿¸½º· ¿½Ã· ··¹½¹7
sv w^_w�_ yz� α

i = 0
B HYHJHGIH[GJHEY

α0(0) = 1
α0(1) = 0

i = 1

α1(0) ∝ α0(0)γ00
0 = 1

α1(1) ∝ α0(0)γ11
0 = 9.97

α1(0) = 0.09
α1(1) = 0.91

i = 2

α2(0) ∝ α1(0)γ00
1 + α1(1)γ10

1 = 0.417
α2(1) ∝ α1(0)γ11

1 + α1(1)γ01
1 = 0.32

α2(0) = 0.57
α2(1) = 0.43½½½
¾X[ DK[`IJGJ[ �YG`g [EYJ CDK[XYJK[ [`D IG �Z`DX ·½̧
xv w^_w�_ yz� β

i = 6
B HYHJHGIH[GJHEY

β6(0) = 0.5
β6(1) = 0.5 aGD IX JDXIIH[ YlG CG[ KJK JXDmHYK½
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Etat 0

i=0 i=1 i=2 i=3 i=4

Etat 1

i=5 i=6

+1,00

+0,00

+0,09

+0,91

+0,57

+0,43

+0,04

+0,96

+0,91

+0,09

+0,18

+0,82

+0,93

+0,07

���	 ·½̧ Ì aGIa`I bX[ α

i = 5

β5(0) ∝ β6(0)γ00
5 + β6(1)γ11

5 = 57.71
β5(1) ∝ β6(0)γ10

5 + β6(1)γ01
5 = 177.28

β5(0) = 0.25
β5(1) = 0.75½½½
¾X[ DK[`IJGJ[ �YG`g [EYJ CDK[XYJK[ [`D IG �Z`DX ·½·ó

Etat 0

i=0 i=1 i=2 i=3 i=4

Etat 1

i=5 i=6

+1,00

+0,00

+0,37

+0,63

+0,08

+0,92

+0,52

+0,48

+0,66

+0,34

+0,25

+0,75

+0,5

+0,5

���	 ·½·ó Ì aGIa`I bX[ β

yv w^_w�_ yz LAPP (xS
i )ýY `JHIH[X IG DXIGJHEY

APP (xS
i = a) ∝

∑

m′,m/xS
i
=a

αt(m
′) × γt(m

′,m) × βt+1(m)
�·½¿¸�

i = 0

APP (xS
0 = −1) ∝ α0(0) × γ00

0 × β1(0) = 0.37
APP (xS

0 = +1) ∝ α0(0) × γ11
0 × β1(1) = 6.28

LAPP (xS
0 ) = +2.85

i = 1

APP (xS
1 = −1) ∝ α1(0) × γ00

1 × β2(0) + α1(1) × γ01
1 × β2(1) = 0.2918

APP (xS
1 = +1) ∝ α1(0) × γ11

1 × β2(1) + α1(1) × γ10
1 × β2(0) = 0.0361

LAPP (xS
1 ) = −2.04
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½½½
ÎHYGIXmXYJ GCDh[ aGIa`IT EY EFJHXYJ IX[ HYcEDmGJHEY[ L MNOPQRSNRS [`H�GYJX[ B

i
ó · 7 Ã ¹ ¿

LAPP (xS
i )

î7½º¿ Ç7½ó¹ Ç7½ñ· î¹½òò î7½Ã· îñ½¿¹
�z��\x[ m^þ _xz �@A
ÀY CDGJHi`XT Il̀ JHIH[GJHEY bX[ IEZGDHJ�mX[ bX CDEFGFHIHJK CXDmXJ bX [HmCIH�XD IX[ aGIa`I[½
qv w^_w�_ yz� m`]�\n�z� yz b�^[wwz ln γ¾X[ mKJDHi`X[ bX FDGYa�X[ ln γpq

i

[lEFJHXYYXYJ bHDXaJXmXYJ ~ CGDJHD bX[ HYcEDmGJHEY[ LINT

ln γ00
i = 0

ln γ10
i = LINT (xS

i )
ln γ01

i = LINT (xP
i )

ln γ11
i = LINT (xS

i )LINT (xP
i )

ln γ00
i

ó ó ó ó ó ó
ln γ10

i

î·½7· Ç·½óó Ç7½ºñ î¹½º¹ îó½̧ ó î¿½ºò
ln γ01

i

î·½ó¸ Ç·½óò îÃ½¹¸ îó½ò7 îó½òò Ç·½·Ã
ln γ11

i

î7½Ãó Ç7½óò îó½ñÃ î¿½¿ñ î·½ñò î¹½ò¹
µX IG m;mX cGÿEYT G` IHX` bX aGIa`IXD IX[ α XJ IX[ β

EY aGIa`IXDG IX[ lnα XJ IX[ lnβsv w^_w�_ yz� lnα

i = 0
B HYHJHGIH[GJHEY

lnα0(0) = 0
lnα0(1) = −∞

i = 1

lnα1(0) = lnα0(0) + ln γ00
0 = 0

lnα1(1) = lnα0(0) + ln γ11
0 = 2.3

i = 2

lnα2(0) = max(lnα1(0) + ln γ00
1 ; ln α1(1) + ln γ10

1 ) = max(0; 1.3) = 1.3
lnα2(1) = max(lnα1(0) + ln γ11

1 ; ln α1(1) + ln γ01
1 ) = max(−2.07; 1.23) = 1.23½½½

¾X[ DK[`IJGJ[ �YG`g [EYJ CDK[XYJK[ [`D IG �Z`DX ·½··xv w^_w�_ yz� lnβ

i = 6
B HYHJHGIH[GJHEY

lnβ6(0) = 0
lnβ6(1) = 0 aGD IX JDXIIH[ YlG CG[ KJK JXDmHYK½
i = 5

lnβ5(0) = max(lnβ6(0) + ln γ00
5 ; ln β6(1) + ln γ11

5 = max(0;+4.74) = +4.74
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Etat 0

i=0 i=1 i=2 i=3 i=4

Etat 1

i=5 i=6

+0,00

-1000

+0,00

+2,3

+1,3

+1.23

+1,3

+4,72

+9,56

+6,86

+9,56

+11,23

+16,1

+14,3

���	 ·½·· Ì aGIa`I bX[ lnα

lnβ5(1) = max(lnβ6(0) + ln γ10
5 ; ln β6(1) + ln γ01

5 ) = max(+5.87;−1.13) = +5.87½½½
¾X[ DK[`IJGJ[ �YG`g [EYJ CDK[XYJK[ [`D IG �Z`DX ·½·7

Etat
0

i=0 i=1 i=2 i=3 i=4

Etat
1

i=5 i=6

+0,00

+13,8

+14,8

+13,01

+15,87

+12,2

+12,38

+7,54

+6,64

+4,74

+5,87

+0,0

+0,0

���	 ·½·7 Ì aGIa`I bX[ lnβ

yv w^_w�_ yz LAPP (xS
i )

ýY `JHIH[X IG DXIGJHEY
LAPP (xS

i ) = max
m′,m/xS

i
=+1

(

lnαt(m
′) + ln γt(m

′,m) + lnβt+1(m)

)

− max
m′,m/xS

i
=−1

(

lnαt(m
′) + ln γt(m

′,m) + lnβt+1(m)

) �·½ñó�

i = 0

LAPP (xS
0 ) =(lnα0(0) + ln γ11

0 + lnβ1(1))

− (lnα0(0) + ln γ00
0 + lnβ1(0))

= (0 + 2.3 + 14.8) − (0 + 0 + 13.8) = 3.3
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i = 1

LAPP (xS
1 ) = max(lnα1(0) + ln γ11

1 + lnβ2(1); ln α1(1) + ln γ10
1 + lnβ2(0))

− max(ln α1(0) + ln γ00
1 + lnβ2(0); ln α1(1) + ln γ01

1 + lnβ2(1))

= max(0 − 2.07 + 15.87; 2.3 − 1 + 13.01)

− max(0 + 0 + 13.01;+2.3 − 1.07 + 15.87)

= 14.31 − 17.1 = −2.79½½½
ÎHYGIXmXYJ GCDh[ aGIa`IT EY EFJHXYJ IX[ HYcEDmGJHEY[ L MNOPQRSNRS [`H�GYJX[ B

LAPP (xS
i )

îÃ½Ã Ç7½ò¸ Ç7½ò¸ î¿½ó7 î7½º îò
ÊHY[H IX bKaEbX`D mGg IEZ ßÊÈ bEYYX bX[ �GIX`D[ [XY[HFIXmXYJ bHëKDXYJX[ CGD DGCCEDJ G` bKaEÇbX`D ßÊÈ½ ÂX[ bHëKDXYaX[ CDE�HXYYXYJ bX IlGCCDEgHmGJHEY mGg½ ÀY CDGJHi`X EY CDKcKDX aXCXYbGYJ`JHIH[XD IX bKaEbX`D mGg IEZ ßÊÈ aGD HI X[J CI`[ cGaHIX ~ mXJJDX XY EX`�DX½
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Ø$1$# HÛÝÜ� Ü� ÷ø Þ!Cö÷�I Û� Ü� ÷Aø÷ü!� ÛBC� õ÷÷��E<�Û!Ý�

ÈE`D KJ`bHXD IG aEmCIXgHJK bX IlGIZEDHJ�mX ÊIIXDÇíXJE`D YE`[ CDXYbDEY[ IX aG[ b` bKaEbGZXbl̀ Y aEbX aEY�EI`JHc [GY[ aEYYGH[[GYaX bX[ CDEFGFHIHJK[ L MRSNRS [`D IX[ FHJ[ blHYcEDmGJHEY½¾X YEmFDX bX m`IJHCIHaGJHEY[ XJ blGbbHJHEY[ X[J bEYYK CE`D `YX [XaJHEY b` JDXHIIH[½ ÈE`D `YFIEa bX IEYZ`X`D K
T HI cG`bDG bEYa m`IJHCIHXD IX[ DK[`IJGJ[ CGD

K
CE`D EFJXYHD IX YEmFDX JEJGIblECKDGJHEY½

Ì w^_w�_ yz� γ�Ê` IHX` bX aGIa`IXD IlXgCDX[[HEY ∏n
j=1 p(yj

t | xj
t (m

′,m)) ~ a�Gi`X cEH[T HI X[J CDKcKDGFIX bXaGIa`IXD [X[ 2n �GIX`D[ CE[[HFIX[ XJ bX IX[ [JEaWXD XY mKmEHDX½ Â�Gi`X aGIa`I DXi`HXDJ n − 1m`IJHCIHaGJHEY[ KIKmXYJGHDX[½ ìI cG`J bEYa XëXaJ`XD 2n × (n− 1)
m`IJHCIHaGJHEY[ KIKmXYJGHDX[CE`D IX aGIa`I bX[ γ

[½Ì w^_w�_ yz� α�ìI � G
2k FDGYa�X[ i`HJJGYJ XJ GDDH�GYJ [`D a�Gi`X Y>`b½ ÈE`D a�Gi`X Y>`bT IX aGIa`I bX

α YKaX[[HJX bEYa 2k m`IJHCIHaGJHEY[ KIKmXYJGHDX[ XJ `YX GbbHJHEY bX 2k �GIX`D[ �[EHJ
2k − 1GbbHJHEY[ KIKmXYJGHDX[�½ È`H[i`lHI � 2M Y>`b[T IX aGIa`I bX[ α

[ DXi`HXDJ bEYa 2k+M m`IJHÇCIHaGJHEY[ XJ 2M × (2k − 1)
GbbHJHEY[ KIKmXYJGHDX[½Ì w^_w�_ yz� β�m;mX aEmCIXgHJK i`X CE`D IX aGIa`I bX[ α

[Ì w^_w�_ yz APP (xi
t = a)Â�Gi`X aGIa`I YKaX[[HJX `YX GbbHJHEY bX 2M−1 × 2k mXmFDX[ XJ 2k × 2M m`IJHCIHaGJHEY[½ÂEmmX HI � G 7 �GIX`D[ ~ aGIa`IXD �

APP (xi
t = −1) XJ APP (xi

t = +1)
�T HI cG`J bEYa

2 × ((2M−1 × 2k) − 1)
GbbHJHEY[ KIKmXYJGHDX[ XJ 2 × 2M × 2k m`IJHCIHaGJHEY[ CE`D IX aGIÇa`I bX[ APP

[½

Ø$1$1 { �" �"Û�� ÷Aø÷ü!� ÛBC� õ÷÷��E<�Û!Ý� �Û ÷Aø÷ü!� ÛBC� D!CC�EF�!ÜÝ Û
µGY[ aX CGDGZDGC�XT YE`[ GIIEY[ mEYJDXD i`X IlGCCIHaGJHEY bX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`DIX ZDGC�X cGaJEDH[K bl̀ Y aEbX`D aEY�EI`JHc CXDmXJ bX DXJDE`�XD IlGIZEDHJ�mX ÊIIXDÇíXJE`D½
ÂEY[HbKDEY[ IX aG[ bl̀ Y [�[JhmX bX JDGY[mH[[HEY aEmCE[K bl̀ Y aEbX`D aEY�EI`JHc DKa`D[Hc [�[ÇJKmGJHi`X bX DXYbXmXYJ R = 1/2

JXDmHYK �` aEmmX `Y aEbX IHYKGHDX XY FIEa FHYGHDX [�[JKmGJHi`X
(2K,K)

T XJ bl̀ Y aGYGI bH[aDXJ [JGJHEYYGHDX [GY[ mKmEHDX bX bXY[HJK bX CDEFGFHIHJK aEYbHJHEYYXIIX
p(y/x) aEmmX mEYJDK [`D IG �Z`DX ·½·Ã½

scu =

codeur modul.
pc

u

canalpx

sx
sy

py

���	 ·½·Ã Ì ßEbhIX bX ÂEmm`YHaGJHEY½
¶EHJ

x = (xS,xP)
IG [Ki`XYaX KmH[X [`D IX aGYGI G[[EaHKX ~ IG [Ki`XYaX blXYJDKX

u
G�Xa

xS =
(xS

0 , xS
1 , . . . , xS

i , . . . , xS
K−1)

XJ xP = (xP
0 , xP

1 , . . . , xP
i , . . . , xP

K−1)
½ ¶EHJ y = (yS,yP)

IG [Ki`XYaXDXÿ`X½ÁE`[ G�EY[ �` i`X IG CDEFGFHIHJK aEYbHJHEYYXIIX L MNOPQRSNRS APP (xS
i = a)

CX`J [lXgCDHmXDaEmmX [`HJ B
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APP (xS
i = a) = Pr{xS

i = a | y}
∝

∑

xS:xS
i
=a

Pr{x}p{y|x} �·½ñ·�
ÀY aEY[HbKDGYJ i`X IG bH[JDHF`JHEY L MRSNRS bX[ [Ki`XYaX[ JDGY[mH[X[ [`D IX aGYGI X[J `YHcEDmXTIG CDEFGFHIHJK i`l̀ YX [Ki`XYaX CGDJHa`IHhDX

x
[EHJ ZKYKDKX X[J KZGIX ~ 1/2K ½

ÂEmmX CE`D IX[ ZDGC�X[ Æ|¾T IG cEYaJHEY IEaGIX Ti(si, c
P
i , cS

i , si+1)
~ IG CE[HJHEY i X[J bK�YHX~ CGDJHD bX[ Ki`GJHEY[ blKJGJ XJ bX [EDJHX b` aEbX`D aEY�EI`JHc½

Ti(si, c
P
i , cS

i , si+1) =

{

1
[H IX[ Ki`GJHEY[ bX CGDHJK [EYJ �GIHbX[

0
[HYEY �·½ñ7�

XYX [Ki`XYaX CGDJHa`IHhDX x
HmCIHi`X i`X IX CDEb`HJ bX[ K

cEYaJHEY[ IEaGIX[ DXIGJH�X[ ~ aXJJX[Ki`XYaX X[J KZGI ~ ·½ ýY G bEYa B
Pr{x} =

1

2K

K−1
∏

i=0

Ti(si, c
P
i , cS

i , si+1)
�·½ñÃ�

¾G cGaJEDH[GJHEY bX Pr{x}p{y|x} X[J GIED[ IG [`H�GYJX B
Pr{x}p{y|x} =

1

2K

K−1
∏

i=0

Ti(si, c
P
i , cS

i , si+1)

K−1
∏

i=0

p(yS
i | xS

i )

K−1
∏

i=0

p(yP
i | xP

i )
�·½ñ¹�

XY XgXmCIX bX ZDGC�X cGaJEDH[K CE`D `Y aEbX`D í¶Â bX DXYbXmXYJ ·u7 X[J bEYYK XY �Z`DX·½·¹½

cS
0 cS

1 cS
K−2 cS

K−1

cP
0 cP

1 cP
K−2 cP

K−1

s0 s1 s2 sK−1 sK

p(yP
0 | xP

0 ) p(yP
1 | xP

1 ) p(yP
K−2 | xP

K−2) p(yP
K−1 | xP

K−1)

p(yS
0 | xS

0 ) p(yS
1 | xS

1 ) p(yS
K−2 | xS

K−2) p(yS
K−1 | xS

K−1)

T0 T1 TK−2 TK−1

���	 ·½·¹ Ì ÀgXmCIX bX ZDGC�X cGaJEDH[K CE`D `Y aEbX`D í¶Â bX DXYbXmXYJ ·u7 `JHIH[K CE`D IXbKaEbGZX ÊIIXDÇíXJE`D½
ÂEmmX IX ZDGC�X cGaJEDH[K b` aEbX`D aEY�EI`JHc X[J [GY[ a�aIXT YE`[ CE`�EY[ GCCIHi`XD IlGIZEÇDHJ�mX ¶EmmXÇÈDEb`HJ CE`D aGIa`IXD IX[ ÊÈÈ[½ÁE`[ GIIEY[ `JHIH[XD IlXgXmCIX bX IG �Z`DX ·½·¹ CE`D mXJJDX XY K�HbXYaX i`X IlGCCIHaGJHEY bXIlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D aX ZDGC�X CXDmXJ bX DXJDE`�XD XgGaJXmXYJ IlGIZEDHJ�mX ÊIIXDÇíXJE`D½
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][\]\^_\�^]\x[ z] w^_w�_ yz� γ� B ÂEmmX CE`D JE`J ZDGC�X cGaJEDH[K [GY[ a�aIXT IlGIZEÇDHJ�mX ¶EmmXÇÈDEb`HJ aEmmXYaX G`g XgJDKmHJK[ b` ZDGC�X½ Â�Gi`X Y>`b bX cGaJX`D p(yP

i |xP
i )XJ p(yS

i |xS
i ) XY�EHX `Y mX[[GZX �XD[ IX Y>`b bX �GDHGFIX aEDDX[CEYbGYJ cP

i
XJ cS

i

½ ÂEmmX aX[ Y>`b[bX �GDHGFIX [EYJ bX bXZDK 7T IX mX[[GZX X[J bHDXaJXmXYJ JDGY[mH[ �XD[ IX Y>`b bX aEYJD?IX aEDDX[ÇCEYbGYJ½ ÂX[ mX[[GZX[ µcP
i
→Ti

(cP
i ) XJ µcS

i
→Ti

(cS
i ) aEDDX[CEYbXYJ DX[CXaJH�XmXYJ ~ γ(cP

i ) XJ γ(cS
i )bGY[ IlGIZEDHJ�mX ÊIIXDÇíXJE`D½ ¾X[ Y>`b[ bX �GDHGFIX blKJGJ

s0
XJ sK

G`g XgJDKmHJK[ b` ZDGC�XXY�EHXYJ DX[CXaJH�XmXYJ G` Y>`b bX aEYJD?IX T0
XJ TK−1

bX[ mX[[GZX[ JDH�HG`g µs0→T0
(s0)

XJ
µsK→TK−1

(sK)
½ ÂX[ mX[[GZX[ [EYJ YEJK[ α(s0)

XJ β(sK)
bGY[ IlGIZEDHJ�mX ÊIIXDÇíXJE`D ½A�xw`y��z ^__z� B ¾X Y>`b bX aEYJD?IX T0

G�GYJ DXÿ` IX[ mX[[GZX[ bX Ã bX [X[ ¹ FDGYa�X[T HIJDGY[mXJ GIED[ IX mX[[GZX α(s1)
�XD[ IX Y>`b bX �GDHGFIX blKJGJ �EH[HY s1

½ ÂX mX[[GZX X[J JDGY[mH[G` Y>`b bX aEYJD?IX [`H�GYJ T1
½ ÂXJJX CDEaKb`DX X[J DKCKJKX Ë`[i`l~ aX i`X IX bXDYHXD Y>`b bX�GDHGFIX sK

GHJ DXÿ` IX mX[[GZX α(sK)
½ ¾X aGIa`I bX α(si+1)

X[J IX [`H�GYJ B
α(si+1) =

∑

si

∑

cP
i

∑

cS
i

Ti(si, c
S
i , cP

i , si+1)α(si)γ(cP
i )γ(cS

i )
�·½ñ¿�

A�xw`y��z �z]x�� B ¾G m;mX CDEaKb`DX X[J XëXaJ`KX bGY[ IX [XY[ DXJE`D½ ¾X aGIa`I bX β(si)X[J IX [`H�GYJ B
β(si) =

∑

si+1

∑

cP
i

∑

cS
i

Ti(si, c
S
i , cP

i , si+1)β(si+1)γ(cP
i )γ(cS

i )
�·½ññ�

}^_w�_ yz� a�xb^b\_\]`� zþ]�\[�}n�z� B ÎHYGIXmXYJT HI YX DX[JX CI`[ i`l~ JDGY[mXJJDX IX[mX[[GZX[ µTi→cS
i
(cS

i ) XYJDX IX[ Y>`b[ bX aEYJD?IX Ti
XJ IX[ Y>`b[ bX �GDHGFIX ui

½
EXTR(xS

i ) =
∑

si

∑

si+1

∑

cP
i

Ti(si, c
S
i , cP

i , si+1)α(si)β(si+1)γ(cP
i )

�·½ñò�
ÈE`D a�Ga`YX bX aX[ [EmmX[T Ti(si, c

S
i , cP

i , si+1) = 0
[G`c IED[i`X IG FDGYa�X b` JDXHIIH[ X[J�GIHbX½}^_w�_ yz� a�xb^b\_\]`� c defghijeij B ¾X aGIa`I bX APP (xS

i )
[lEFJHXYJ ~ CGDJHD bX EXTR(xS

i )XJ γ(cS
i ) aEmmX [`HJ B

APP (xS
i ) = EXTR(xS

i ) × γ(cS
i )

�·½ñº�¾X[ mX[[GZX[ α(si)
XJ β(si)

EYJ `YX HYJXDCDKJGJHEY XY JXDmX bX CDEFGFHIHJK½ ÈE`D a�Gi`X �GIX`DbX si ∈ Si
T
α(si)

X[J CDECEDJHEYYXI ~ IG CDEFGFHIHJK aEYbHJHEYYXIIX i`X IG [Ki`XYaX KmH[X CG[[X CGDIlKJGJ
si

aEYbHJHEYYXIIXmXYJ ~ IlEF[XD�GJHEY CG[[KX K
0, . . . ,

K
i−1

½
α(si) ∝ Pr{si = Si|yi−1

0 } �·½ñ¸�ÈE`D a�Gi`X �GIX`D bX si+1 ∈ Si+1
T
β(si+1)

X[J CDECEDJHEYYXI ~ IG CDEFGFHIHJK aEYbHJHEYYXIIXi`X IG [Ki`XYaX KmH[X CG[[X CGD IlKJGJ
si+1

[Ga�GYJ IlEF[XD�GJHEY c`J`DX K
i+1,

K
i+2, . . .

½
β(si+1) ∝ Pr{si+1 = Si+1|yK−1

i+1 } �·½òó�ýY DXJDE`�X FHXY IX[ XgCDX[[HEY[ α(si)
XJ β(si+1)

bX IlGIZEDHJ�mX ÊIIXDÇíXJE`D CDK[XYJKX[ CDKÇaKbXmmXYJ½
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cS
i

si si+1

cP
i

β(si) β(si+1)

α(si) α(si+1)

γ(cS
i )

γ(cP
i )

EXTR(cS
i )

���	 ·½·¿ Ì ÈG[[GZX bX[ mX[[GZX[ IED[ bX IlGCCIHaGJHEY bX IlGIZEDHJ�mX ÊIIXDÇíXJE`D½
ª«~ �°±ÔÖ 9���
Ø$�$Ø DÛ�ÝÞÛÝ��

¾G [JD`aJ`DX bX[ aEbX[ IHYKGHDX[ XY FIEa[ aEYaGJKYK[ XY CGDGIIhIX ÈÂÄÂ � MLRLVVQV qNnqLPQnLPQpUVNq� qNpQO XY GYZIGH[� X[J bEYYKX [`D IG �Z`DX ·½·ñ½
HH

kn  

kV u ch

c
v

colonnes
H

k colonnes

lignes

VV
kn   lignes

���	 ·½·ñ Ì ÂEbX ÈÂÄÂ½
¾X[ [�mFEIX[ blHYcEDmGJHEY [EYJ bH[CE[K[ [E`[ IG cEDmX bl̀ Y JGFIXG` bX bHmXY[HEY kV kH

½ Ê aXJGFIXG`T EY G GËE`JK bX`g JGFIXG`g bX bHmXY[HEY kV (nH − kH) XJ (nV − kV )kH
½ ¾X aEbX ÈÂÄÂGHY[H EFJXY` X[J `Y aEbX IHYKGHDX XY FIEa [�[JKmGJHi`X (N,K)

G�Xa N = kV nH + nV kH − kV kH
XJ

K = kV kH
½ ¾X DXYbXmXYJ ZIEFGI b` aEbX ÈÂÄÂ X[J bEYa KZGI ~ B

RT =
kV kH

kV nH + nV kH − kV kHÂ�Ga`YX bX[ kV
IHZYX[ aEDDX[CEYb ~ `Y aEbX XY FIEa IHYKGHDX [�[JKmGJHi`X CH (nH , kH)

½ ÈGDGHIIX`D[T a�Gi`X aEIEYYX aEDDX[CEYb KZGIXmXYJ ~ `Y aEbX XY FIEa IHYKGHDX [�[JKmGJHi`X CV (nV , kV )
½¾G bH[JGYaX mHYHmGIX bX aX[ aEbX[ X[J KZGIX ~ IG [EmmX dV + dH − 1

Eô
dV

XJ dH
[EYJDX[CXaJH�XmXYJ IG bH[JGYaX mHYHmGIX bX[ aEbX[ aEY[JHJ`GYJ[ CV

XJ CH
½¾X ZDGC�X Æ|¾ bX[ aEbX[ ÈÂÄÂ X[J CDK[XYJK [`D IG �Z`DX ·½·ò½µGY[ aX a�GCHJDX YE`[ IHmHJXDEY[ YEJDX KJ`bX G`g aEbX[ ÈÂÄÂ FHYGHDX[½ ÂX[ aEbX[ CX`�XYJ;JDX bKaEbK[ [HmCIXmXYJ bX cGÿEY HJKDGJH�X½¾X[ aEbX[ aEY[JHJ`GYJ[ [EYJ CDHYaHCGIXmXYJ bX[ aEbX[ bX CGDHJKT bX[ aEbX[ bX JGmmHYZ E` bX[aEbX[ ÄÂJ½
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c

H

code C
H
  1 code C

H
  2 code C

H
  k

V

u

c
V

code C
V
  1 code C

V
  2 code C

V
  k

H

Entrelaceur

en bloc

���	 ·½·ò Ì ÅDGC�X Æ|¾ bX[ aEbX[ ÈÂÄÂ½
Ø$�$Ù ��Þ!Üøü�  Û��øÛ û

ÈE`D i`X IX bKaEbGZX HJKDGJHc [EHJ X:aGaXT IX ZDGC�X Æ|¾ b` aEbX aEYaGJKYK YX bEHJ CG[aEmCEDJXD bX a�aIX[ aE`DJ[½ ÂlX[J IX D?IX bX IlXYJDXIGaX`D XY FIEa IHZYXÇaEIEYYX½
¾X[ KJGCX[ b` bKaEbGZX HJKDGJHc [EYJ IX[ [`H�GYJX[ B
Ì KJGCX · B HYHJHGIH[GJHEY bX[ HYcEDmGJHEY[ L MRSNRS LH

APRI = 0
CE`D IX bKaEbGZX �EDHÉEYJGI½Ì KJGCX 7 B bKaEbGZX �EDHÉEYJGI½ ÂGIa`I bX[ HYcEDmGJHEY[ XgJDHY[hi`X[ LH

EXTR(xi)
G[[EaHK[ G`gFHJ[ blHYcEDmGJHEY uiÌ KJGCX Ã B IX[ HYcEDmGJHEY[ XgJDHY[hi`X[ aGIa`IKX[ LH

EXTR(xi)
bX�HXYYXYJ IX[ HYcEDmGJHEY[ LMRSNRS LAPRI(xi)

CE`D IX bKaEbGZX �XDJHaGI½
LAPRI(xi) = LH

EXTR(xi)

Ì KJGCX ¹ B bKaEbGZX �XDJHaGI½ ÂGIa`I bX[ HYcEDmGJHEY[ XgJDHY[hi`X[ LV
EXTR(xi)

G[[EaHK[ G`gFHJ[ blHYcEDmGJHEY uiÌ KJGCX ¿ B [H IX YEmFDX blHJKDGJHEY[ � bKaEbGZX �EDHÉEYJGI C`H[ �XDJHaGI� �gK[ X[J GJJXHYJ EYJXDmHYX IX bKaEbGZX CGD IlKJGCX ñ [HYEY LAPRI(xi) = LV
EXTR(xi)

C`H[ DXJE`D ~ IlKJGCX 7Ì KJGCX ñ B aGIa`I bX IlHYcEDmGJHEY L MNOPQRSNRS LAPP (xi) = LAPRI(xi) + LINTR(xi)) +
LV

EXTR(xi)

¶H IX ZDGC�X bX ÆGYYXD b` aEbX aEY[JHJ`GYJ X[J `Y GDFDXT EY GCCIHi`XDG IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ E` ßHYHm`mÇ¶EmmX [`D aXJ GDFDX CE`D aGIa`IXD IX[ HYcEDmGJHEY[ XgJDHY[hi`X[½
¶H IX ZDGC�X bX ÆGYYXD b` aEbX aEY[JHJ`GYJ YlX[J CG[ `Y GDFDX EY IX JDGY[cEDmXDG XY `Y ZDGC�XÆ|¾ [GY[ a�aIX �bEYa `Y GDFDX� XJ EY GCCIHi`XDG IlGIZEDHJ�mX ÊIIXDÇíXJE`D½
XYX G`JDX [EI`JHEY CDECE[KX CGD È�YbHG� »Ã¸¼ aEY[H[JX ~ `JHIH[XD IlGIZEDHJ�mX bX Â�G[X »·7¼½ ÂXJGIZEDHJ�mX CXDmXJ bX DKGIH[XD `Y bKaEbGZX ~ XYJDKX[ XJ [EDJHX[ CEYbKDKX[ ~ CGDJHD bl̀ Y GIZEDHJ�mXbX bKaEbGZX ~ XYJDKX[ XJ [EDJHX[ b`DX[ aEmmX IlGIZEDHJ�mX bX ÄXDIXWGmCÇßG[[X�½
zþzma_z »¹¿¼ B aEY[HbKDEY[ IX aEbX ÈÂÄÂ

(8, 4)
bK�YH CGD IX[ ¹ Ki`GJHEY[ bX CGDHJK [`H�GYJX[ B
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u1 + u2 + c5 = 0 T1

u3 + u4 + c6 = 0 T2

u1 + u3 + c7 = 0 T3

u2 + u4 + c8 = 0 T4 �·½ò·�
¾G [JD`aJ`DX bX aX aEbX ÈÂÄÂ X[J IG [`H�GYJX B

u1 u2 c5

u3 u4 c6

c7 c8

¾X ZDGC�X bX ÆGYYXD G[[EaHK X[J CDK[XYJK [`D IG �Z`DX ·½·º½
5

c
6

c

1
u

2
u

3
u

4
u

7
c

8
c

T
1

T
2

T
3

T
4

���	 ·½·º Ì ÅDGC�X bX ÆGYYXD b` aEbX ÈÂÄÂ �ºT¹�½
µGY[ aXJ XgXmCIXT aEmmX IX ZDGC�X bX ÆGYYXD b` aEbX aEY[JHJ`GYJ X[J `Y GDFDXT EY `JHIH[XDGIlGIZEDHJ�mX ßHYHm`mÇ¶EmmX CE`D IX aGIa`I bX[ HYcEDmGJHEY[ XgJDHY[hi`X[½
ÂEY[HbKDEY[ IX mEJ blHYcEDmGJHEY FHYGHDX [`H�GYJ B

� = [1001]¾X mEJ KmH[ X[J KZGI ~ B
þ = [+1 − 1 − 1 + 1 + 1 + 1 + 1 + 1]ÂEY[HbKDEY[ IX mEJ DXÿ` K [`H�GYJ �K = þ+

[� XY [EDJHX b` aGYGI ~ FD`HJ FIGYa GbbHJHc ZG`[[HXYbX �GDHGYaX σ2 = 1
B

K = [+0.75 + 0.05 + 0.1 + 0.15 + 1.25 + 1.0 + 3.0 + 0.5]¾X[ HYcEDmGJHEY[ HYJDHY[hi`X[ [EYJ aGIa`IKX[ XY `JHIH[GYJ IG DXIGJHEY LINT (xi) = 2yi

σ2

B
{LINT (xi)} = +1.5 + 0.1 + 0.2 + 0.3 + 2.5 + 2.0 + 6.0 + 1.0



äå�å à�æ�� âà�à 7¸
mEJ bX aEbX FHYGHDX

u1 = 1 u2 = 0 c5 = 1
u3 = 0 u4 = 1 c6 = 1
c7 = 1 c8 = 1mEJ KmH[ [`D IX aGYGI
x1 = +1 x2 = −1 x5 = +1
x3 = −1 x4 = +1 x6 = +1
x7 = +1 x8 = +1mEJ DXÿ`
y1 = 0.75 y2 = 0.05 y5 = 1.25
y3 = 0.1 y4 = 0.15 y6 = 1.0
y7 = 3.0 y8 = 0.05

���	 ·½· Ì ÀgXmCIX aEbX ÈÂÄÂ �ºT¹�
+1.5 +0.1 +2.5
+0.2 +0.3 +2.0
+6.0 +1.0

���	 ·½7 Ì ìYcEDmGJHEY[ HYJDHY[hi`X[ LINT (xi)

Ê a�Gi`X HJKDGJHEY EY bKJXDmHYXDG JE`J blGFEDb IX[ HYcEDmGJHEY[ XgJDHY[hi`X[ LH
EXTR(xi)

G[Ç[EaHKX[ G`g FHJ[ blHYcEDmGJHEY XY `JHIH[GYJ IG DXIGJHEY �·½7¸� �bKaEbGZX �EDHÉEYJGI� B
LH

EXTR(x1) = −(LAPRI(x2) + LINTR(x2)) � LINTR(x5)

LH
EXTR(x2) = −(LAPRI(x1) + LINTR(x1)) � LINTR(x5)

LH
EXTR(x3) = −(LAPRI(x4) + LINTR(x4)) � LINTR(x6)

LH
EXTR(x4) = −(LAPRI(x4) + LINTR(x4)) � LINTR(x6)ýY DGCCXIIX i`X I�ECKDGJX`D

�
G KJK bK�YH CE`D [HmCIH�XD IlKaDHJ`DX bGY[ IG [`HJX b` bEa`mXYJ½C`H[ XY[`HJX IX[ HYcEDmGJHEY[ LV
EXTR(xi)

�bKaEbGZX �XDJHaGI�
LV

EXTR(x1) = −(LAPRI(x3) + LINTR(x3)) � LINTR(x7)

LV
EXTR(x3) = −(LAPRI(x1) + LINTR(x1)) � LINTR(x7)

LV
EXTR(x2) = −(LAPRI(x4) + LINTR(x4)) � LINTR(x8)

LV
EXTR(x4) = −(LAPRI(x2) + LINTR(x2)) � LINTR(x8)

ÊYGI�[EY[ IX bKaEbGZX HJKDGJHc CE`D IX[ �GIX`D[ bX IlXgXmCIX CDECE[K½
A�zm\}�z \]`�^]\x[ �y`wxy^zz wx�\�x[]^_v BìI Yl� G CG[ blHYcEDmGJHEY L MRSNRS bEYa LAPRI(xi) = 0

LH
EXTR(x1) = −(0 + 0.1) � 2.5 = −0.1

LH
EXTR(x2) = −(0 + 1.5) � 2.5 = −1.5
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LH

EXTR(x3) = −(0 + 0.3) � 2.0 = −0.3

LH
EXTR(x4) = −(0 + 0.2) � 2.0 = −0.2

A�zm\}�z \]`�^]\x[ �y`wxy^zz kz�]\w^_v BìYcEDmGJHEY L MRSNRS LAPRI(xi) = LH
EXTR(xi)

CE`D
i = 1, 2, 3 XJ ¹

LV
EXTR(x1) = −(−0.3 + 0.2) � 6.0 = 0.1

LV
EXTR(x3) = −(−0.1 + 1.5) � 6.0 = −1.4

LV
EXTR(x2) = −(−0.2 + 0.3) � 1.0 = −0.1

LV
EXTR(x4) = −(−1.5 + 0.1) � 1.0 = 1.0¾X[ DK[`IJGJ[ [EYJ [�YJ�KJH[K[ bGY[ IX[ JGFIX[ [`H�GYJX[ B

·½¿ ó½·ó½7 ó½Ã Çó½· Ç·½¿Çó½Ã Çó½7 ó½· Çó½·Ç·½¹ ·½ó
�G� �F� �a�

���	 ·½Ã Ì ìYcEDmGJHEY[ G[[EaHKX[ G`g FHJ[ blHYcEDmGJHEY XY �Y bX CDXmHhDX HJKDGJHEY�G�
LINTR(xi)�F�

LAPRI(xi)
�a� LV

EXTR(xi)ìI X[J CE[[HFIX bX aGIa`IXD IX[ HYcEDmGJHEY[ L MNOPQRSNRS G[[EaHKX[ G`g FHJ[ blHYcEDmGJHEY XY �YbX CDXmHhDX HJKDGJHEY XY `JHIH[GYJ IG DXIGJHEY LAPP (xi) = LAPRI(xi) + LINTR(xi)) + LV
EXTR(xi)·½¿ Ç·½¿Ç·½¿ ·½·

���	 ·½¹ Ì ÂGIa`I bX[ HYcEDmGJHEY[ L MNOPQRSNRSLAPP (xi)
G[[EaHKX[ G`g FHJ[ blHYcEDmGJHEY XY �YbX CDXmHhDX HJKDGJHEY

¶`D aXJ XgXmCIXT EY �EHJ i`l̀ YX [X`IX HJKDGJHEY [`:J CE`D bKaEbXD aEDDXaJXmXYJ IX mEJ DXÿ`½ÈE`D[`H�EY[ CGD `YX [XaEYbX HJKDGJHEY G�Y blGmKIHEDXD IX[ HYcEDmGJHEY[ L MNOPQRSNRS½�zwx[yz \]`�^]\x[ �y`wxy^zz wx�\�x[]^_v B
LAPRI(xi) = LV

EXTR(xi)
CE`D

i = 1, 2, 3 XJ ¹
LH

EXTR(x1) = −(−0.1 + 0.1) � 2.5 = 0.0

LH
EXTR(x2) = −(0.1 + 1.5) � 2.5 = −1.6

LH
EXTR(x3) = −(1.0 + 0.3) � 2.0 = −1.3

LH
EXTR(x4) = −(−1.4 + 0.2) � 2.0 = 1.2

�zwx[yz \]`�^]\x[ �y`wxy^zz kz�]\w^_v B
LAPRI(xi) = LH

EXTR(xi)
CE`D

i = 1, 2, 3 XJ ¹
LV

EXTR(x1) = −(−1.3 + 0.2) � 6.0 = 1.1

LV
EXTR(x3) = −(0.0 + 1.5) � 6.0 = −1.5
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LV

EXTR(x2) = −(1.2 + 0.3) � 1.0 = −1.0

LV
EXTR(x4) = −(−1.6 + 0.1) � 1.0 = 1.0¾X[ DK[`IJGJ[ [EYJ ~ YE`�XG` [�YJ�KJH[K[ bGY[ IX[ JGFIX[ [`H�GYJX[ B

·½¿ ó½·ó½7 ó½Ã ó½ó Ç·½ñÇ·½Ã ·½7 ·½· Ç·½óÇ·½¿ ·½ó
�G� �F� �a�

���	 ·½¿ Ì ìYcEDmGJHEY[ XY �Y bX [XaEYbX HJKDGJHEY�G�
LINTR(xi)

�F�
LAPRI(xi)

�a� LV
EXTR(xi)ìI X[J CE[[HFIX bX aGIa`IXD IX[ HYcEDmGJHEY[ L MNOPQRSNRS XY �Y bX [XaEYbX HJKDGJHEY XY `JHIH[GYJIG DXIGJHEY LAPP (xi) = LAPRI(xi) + LINTR(xi)) + LV

EXTR(xi)7½ñ Ç7½¿Ç7½ñ 7½¿
���	 ·½ñ Ì ÂGIa`I bX[ HYcEDmGJHEY[ L MNOPQRSNRSLAPP (xi)

XY �Y bX [XaEYbX HJKDGJHEY
¾X[ �GFHIHJK[ L MNOPQRSNRS LAPP (xi)

[`D IX[ FHJ[ blHYcEDmGJHEY EFJXY`X[ XY �Y bX [XaEYbX HJKÇDGJHEY [EYJ mXHIIX`DX[½ ÂXCXYbGYJ IX[ HYcEDmGJHEY[ L MRSNRS [EYJ bX CI`[ XY CI`[ aEDDKIKX[ XJ `YXJDEH[HhmX HJKDGJHEY YlGCCEDJXDG CG[ bX ZGHY [`CCIKmXYJGHDX½ÀY CDGJHi`XT ¿ ~ ñ HJKDGJHEY[ [`:[XYJ CE`D EFJXYHD bX[ CXDcEDmGYaX[ CDEa�X[ bX aXIIX[ bl̀ YbKaEbX`D ~ mGgHm`m bX �DGH[XmFIGYaX½



Ã7 àá�â�ã�� äå à�æ�� à�çà�ãèçè� �ã æèà�æ��� �ãè��ã�é
ª«� �°±ÔÖ �Ð9�

¾X[ aEbX[ ¾ÈµÂ �VNr pQnOSPW MLRSPW qtQq� qNpQO XY GYZIGH[� EYJ KJK HYJDEb`HJ[ CGD ÅGIIGZXD XY·¸ñÃ »·¸¼ XJ EYJ KJK DXbKaE`�XDJ[ XY ·¸¸ñ CGD ßGa�G� »Ã·¼½
Ø$�$Ø ���" Û !"

XY aEbX ¾µÈÂ
(N, dc, dT ) X[J `Y aEbX IHYKGHDX FHYGHDX bK�YH CGD [G mGJDHaX bX CGDHJK

H
bXbHmXY[HEY M×N

½ ÂXJJX mGJDHaX X[J bX cGHFIX bXY[HJK alX[JÇ~ÇbHDX i`X IX YEmFDX bX ê·ê [`D a�Ga`YXbX [X[ IHZYX[ X[J CXJHJ bX�GYJ IG JGHIIX b` FIEa bX FHJ[ HYcEDmGJHEY[½ Â�Gi`X IHZYX bX IG mGJDHaX
HaEYJHXYJ dT

ê·ê XJ a�Gi`X aEIEYYX aEYJHXYJ dc
ê·ê XJ bX[ êóê CGDJE`J GHIIX`D[½ ¾G mGJDHaX bX CGDHJKbKaDHJ IX[ M

Ki`GJHEY[ bX CGDHJK b` aEbX½ ýY G
M = N

dc

dT¾X ZDGC�X bX ÆGYYXD G[[EaHK ~ aX aEbX X[J FHCGDJH½ ÂX ZDGC�X X[J bHJ DKZ`IHXD [H IX[ Y>`b[ bX�GDHGFIX EYJ JE`[ IX m;mX bXZDK dc
XJ [H IX[ Y>`b[ bX aEYJD?IX EYJ G`[[H JE`[ IX m;mX bXZDK dT

½¾X ZDGC�X bX ÆGYYXD bl̀ Y aEbX ¾µÈÂ X[J bEYYK [`D IG �Z`DX ·½·¸½ ¾G mGJDHaX bX CGDHJK G[[EaHKXX[J IG [`H�GYJX B

T1

TM

c1

cN

dc

dc

dT

dT

XYJDXIGaX`D
���	 ·½·¸ Ì ÅDGC�X bX ÆGYYXD bl̀ Y aEbX ¾µÈÂ

(N, dc, dT )
DKZ`IHXD½

¾X DXYbXmXYJ R = K
N

b` aEbX ¾µÈÂ X[J
R ≥ 1 − dc

dT

�·½ò7�
ýY G IlKZGIHJK IED[i`X JE`JX[ IX[ IHZYX[ bX IG mGJDHaX

H
[EYJ HYbKCXYbGYJX[½ µGY[ aX aG[T IGJGHIIX b` mEJ blHYcEDmGJHEY X[J GIED[ KZGIX ~ K = N(1 − dc

dT
)
½

zþzma_z½ ¶EHJ IX aEbX ¾µÈÂ �·7TÃT¹� bEYJ IX ZDGC�X bX ÆGYYXD X[J bEYYK [`D IG �Z`DX ·½7ó½¾G mGJDHaX bX CGDHJK G[[EaHKX ~ aX aEbX X[J IG [`H�GYJX B



äå�å à�æ�� �æâà ÃÃ

���	 ·½7ó Ì ÅDGC�X bX ÆGYYXD bl̀ Y aEbX ¾µÈÂ
(12, 3, 4)

DKZ`IHXD½

H =





























1 0 1 0 0 0 1 1 0 0 0 0
0 1 0 0 1 0 0 0 0 1 1 0
0 1 0 1 0 0 0 0 1 0 0 1
0 0 1 0 0 1 0 0 0 0 1 1
1 0 1 0 1 0 1 0 0 0 0 0
0 0 0 1 0 0 0 1 1 0 0 1
1 1 0 0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 1 0 0 1 1 0
0 0 0 0 1 1 0 1 0 1 0 0





























�·½òÃ�

ÂEmmX IX[ IHZYX[ bX IG mGJDHaX � [EYJ HYbKCXYbGYJX[T IX DXYbXmXYJ bX aX aEbX X[J KZGI ~
R = 1

4

T XJ IG IEYZ`X`D b` mEJ blHYcEDmGJHEY X[J K = 3
½

ÅGIIGZXD G bKmEYJDK i`X IG bH[JGYaX mHYHmGIX mE�XYYX aGIa`IKX [`D IlXY[XmFIX bX[ aEbX[ ¾µÈÂaDE�J IHYKGHDXmXYJ G�Xa K
IED[i`X dc > 2 XJ bEYa i`X IX[ aEbX[ ¾µÈÂ G�Xa dc > 2

[EYJ G[�mCÇJEJHi`XmXYJ FEY[ �HI[ CXDmXJJXYJ blGJJXHYbDX IG FEDYX bX ÅHIFXDJÇ�GD[�GmE�� ½ ÈGD aEYJDXT CE`D
dc = 2

T IG bH[JGYaX aDEHJ [X`IXmXYJ IHYKGHDXmXYJ G�Xa IX IEZGDHJ�mX bX K
�bH[JGYaX XY

O(log K))
½

µHëKDXYJ[ JDG�G`g bX DXa�XDa�X EYJ mEYJDK i`X IX[ aEbX[ ¾µÈÂ HDDKZ`IHXD[ CXDmXJJXYJ bX[lGCCDEa�XD bX IG IHmHJX bX ¶�GYYEY CE`D `YX IEYZ`X`D bX mEJ bX aEbX JDh[ ZDGYbX »7º¼½ ÈE`D IX[aEbX[ ¾µÈÂ HDDKZ`IHXD[T IX[ Y>`b[ bX �GDHGFIX XJ bX aEYJD?IX [EYJ bX bHëKDXYJ[ bXZDK[½ìI XgH[JX KZGIXmXYJ bX[ mKJ�EbX[ bEYJ YE`[ YX bH[a`JXDEY[ CG[ HaH i`H CXDmXJJXYJ bX DXYbDX IGaEmCIXgHJK b` aEbX`D ¾µÈÂ IHYKGHDX G�Xa IG JGHIIX K
�aEmCIXgHJK XY

O(K))
½

Ø$�$Ù ��Þ!Üøü� ù Ü�Þ � !"� ÜÝ��� Ü�� Þ!Ü�� {�F�¾G aEmCIXgHJK bl̀ Y bKaEbX`D G` mGgHm`m bX �DGH[XmFIGYaX CE`D IX[ aEbX[ ¾µÈÂ aDE�J XgÇCEYXYJHXIIXmXYJ G�Xa IG JGHIIX b` mEJ blHYcEDmGJHEY K
½ JX`DX`[XmXYJT HI XgH[JX bX[ [EI`JHEY[ [E`[ECJHmGIX[ mGH[ bX aEmCIXgHJK DGH[EYYGFIX B HI [lGZHJ bX bKaEbX`D[ HJKDGJHc[½ ÁE`[ GIIEY[ JE`J blGFEDbCDK[XYJXD IX[ GIZEDHJ�mX[ Ê XJ Ä CDECE[K[ CGD ÅGIIGZXD »·¸¼½

|z�w�\a]\x[ yz _�^_zx�\]wmz @ yz _^__^zz�ýY aEY[HbhDX IG JDGY[mH[[HEY bl̀ Y mEJ bX aEbX ¾µÈÂ [`D `Y aGYGI Ä¶Â½ ¶EHJ ym
IX FHJ DXÿ` �ó E` ·� G[[EaHK G` Y>`b bX �GDHGFIX cm

½µK�YH[[EY[ µi
cn→Tm

(cn)
IX FHJ JDGY[mH[ b` Y>`b bX �GDHGFIX cn

�XD[ IX Y>`b bX aEYJD?IX Tm
XJ[EHJ

µi
Tm→cn

(cn)
IX FHJ JDGY[mH[ b` Y>`b bX aEYJD?IX Tm

�XD[ IX Y>`b bX �GDHGFIX cn
~ IlHJKDGJHEY

i
½
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ÈE`D a�Gi`X FDGYa�X (cn, Tm)

BÌ �\�z � �x�� yz� b\]� µi
cn→Tm

(cn)
BÊ IlHJKDGJHEY óT

µ0
cn→Tm

(cn) = ymÊ IlHJKDGJHEY i
G�Xa i > 0

T¶H JE`[ IX[ FHJ[
µi−1

Tm′→cn
(cn) = b

Eô
Tm′

[EYJ IX[ Y>`b[ bX aEYJDEIX DXIHK[ ~ cnXgaXCJK Tm
� [EHJ

dc − 1
FHJ[� GIED[

µi
cn→Tm

(cn) = b¶HYEYT
µi

cn→Tm
(cn) = ymÌ �\�z � �x�� yz� b\]� µi

Tm→cn
(cn)

B
µi

Tm→cn
(cn) X[J IG [EmmX mEb`IE 7 bX[ FHJ[

µi
cn′→Tm

(cn′)
Eô

cn′

[EYJ IX[ Y>`b[ bX �GDHGFIXDXIHK[ ~ Tm
XgaXCJK cn

� [EHJ
dT − 1

FHJ[�ÂEmmX YE`[ IX �XDDEY[ CGD IG [`HJXT IX[ FHJ[
µi

cn→Tm
(cn) XJ µi

Tm→cn
(cn) aEDDX[CEYbXYJ ~ bX[HYcEDmGJHEY[ XgJDHY[hi`X[½ ÂX [EYJ bX[ X[JHmGJHEY[ b` FHJ

cm
~ IlHJKDGJHEY i

½
|z�w�\a]\x[ yz _�^_zx�\]wmz ^ yz _^__^zz�µGY[ IlGIZEDHJ�mX ÊT CE`D G�EHD µi

cn→Tm
(cn) = b

T HI X[J YKaX[[GHDX i`X JE`[ IX[ FHJ[
µi−1

Tm′→cn
(cn)[EHXYJ KZG`g ~ b

½µGY[ IlGIZEDHJ�mX ÄT aXJJX aEYJDGHYJX X[J DXIGgKX B [H IX YEmFDX bX FHJ[
µi−1

Tm′→cn
(cn) = b X[J[`CKDHX`D ~ `Y [X`HI S

T GIED[
µi

cn→Tm
(cn) = b

½ ¾X [X`HI S X[J a�EH[H G�Y bX mHYHmH[XD IG CDEFGFHIHJKblXDDX`D FHJ½ÂX[ bX`g GIZEDHJ�mX[ YX [EYJ X:aGaX[ i`X [H IX ZDGC�X bX ÆGYYXD bX[ aEbX[ ¾µÈÂ YX CDK[XYJXYJCG[ bX a�aIX½ ÄHXY i`X aXIG YX [EHJ ËGmGH[ IX aG[T bHëKDXYJ[ JDG�G`g EYJ mEYJDK i`X [E`[ DK[XD�Xi`X IG JGHIIX bX[ FIEa[ [EHJ [`:[GmmXYJ ZDGYbXT aX[ a�aIX[ YlHYY`XYaXYJ CG[ E` CX` IG aEY�XDZXYaXbX IlGIZEDHJ�mX½
Ø$�$# ��Þ!Üøü�  Û��øÛ û Ü�� Þ!Ü�� {�F� �

dc, dT ) ��üÝ÷ ���ýY aEY[HbhDX mGHYJXYGYJ `YX mEb`IGJHEY FHCEbGIX �ÄÈ¶�� XJ `Y aGYGI ÄÄÊÅ �K = þ +
[�G�Xa xi = ±1 XJ ni

Ka�GYJHIIEY bX FD`HJ FIGYa GbbHJHc ZG`[[HXY aXYJDK bX �GDHGYaX σ2 ½ýY [`CCE[XDG i`X IG JGHIIX bX[ mEJ[ bX aEbX X[J JDh[ ZDGYbX½ ÀY ECJHmH[GYJ IG aEY[JD`aJHEY bXIlXYJDXIGaX`DT IX[ a�aIX[ bGY[ IX ZDGC�X bX ÆGYYXD [XDEYJ GIED[ JDh[ ZDGYb[ XJ bEYa [GY[ HYY`XYaX[`D IX CG[[GZX bX IlHYcEDmGJHEY XgJDHY[hi`X CXYbGYJ IX bKaEbGZX HJKDGJHc½
ÁE`[ GIIEY[ `JHIH[XD IX ZDGC�X cGaJEDH[K b` aEbX ¾ÈµÂ CDK[XYJK [`D IG �Z`DX ·½7· CE`D bKaDHDXIlGIZEDHJ�mX bX bKaEbGZX HJKDGJHc½ ÂX ZDGC�X cGaJEDH[K [X bKb`HJ b` ZDGC�X bX ÆGYYXD b` aEbX¾µÈÂ½¾X bKaEbGZX bl̀ Y aEbX ¾ÈµÂ aEY[H[JX ~ GCCIHi`XD `Y GIZEDHJ�mX bX bKaEbGZX ~ bKaH[HEY[CEYbKDKX[ aEmmX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D IX ZDGC�X bX ÆGYYXD b` aEbX½ íHa�GDb[EY XJXDFGYWX »¹·¼ EYJ bKmEYJDK i`X CE`D bX[ JGHIIX[ bX FIEa blHYcEDmGJHEY K

JDh[ ZDGYbX[T IX[ mX[[GZX[[X CDECGZXYJ [`D `Y GDFDX G�Xa `YX CDEFGFHIHJK
1 − O( 1

K )
½ ¾ED[i`X IX ZDGC�X IEaGI `JHIH[K CE`DIX bKaEbGZX X[J `Y GDFDXT YE`[ CE`�EY[ GYGI�[XD [HmCIXmXYJ IlGIZEDHJ�mX bX bKaEbGZX aGD IX[mX[[GZX[ i`H GDDH�XYJ ~ a�Gi`X Y>`b [EYJ GIED[ HYbKCXYbGYJ[ �a�Gi`X Y>`b bX �GDHGFIX YlGCCGDG�Ji`l̀ YX [X`IX cEH[ [`D aXJ GDFDX IEaGI�½¶`D IG �Z`DX ·½77T YE`[ CDK[XYJEY[ `Y XgXmCIX blGDFDX IEaGI CE`D `Y aEbX ¾µÈÂ

(dc, dT )
½ ¶`DaXJ GDFDXT YE`[ CE`�EY[ EF[XD�XD i`X a�Gi`X Y>`b bX aEYJD?IX X[J bK�YH CGD `Y [HmCIX aEbX bXCGDHJK

(dT , dT − 1)
½¾lGCCIHaGJHEY bX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D aX ZDGC�X aEY[H[JX ~ CDECGZXD bX[ mX[[GZX[XYJDX IX[ Y>`b[ bX �GDHGFIX[ XJ IX[ Y>`b[ bX aEYJD?IX HJKDGJH�XmXYJ½

ÂEmmX CE`D IX[ aEbX[ ÈÂÄÂT `YX HJKDGJHEY aEmCDXYb bX`g C�G[X[ BÇaGIa`I bX[ mX[[GZX[ Y>`b bX �GDHGFIX �XD[ Y>`b bX aEYJD?IX B a�Gi`X Y>`b bX �GDHGFIX v
DXÿEHJ

dc
mX[[GZX[ H[[`[ bX[ Y>`b[ bX aEYJD?IX �EH[HY[ CI`[ IX mX[[GZX H[[` b` aGYGI bX JDGY[mH[[HEYTaGIa`IX IX[ dc

mX[[GZX[ C`H[ XY�EHX aX`gÇaH G`g Y>`b[ bX aEYJD?IX �EH[HY[½
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T1

TM

c1

cN

p(y1/x1)

p(yN/vN )

dc

dc

dT

dT

XYJDXIGaX`D
���	 ·½7· Ì ÅDGC�X cGaJEDH[K bl̀ Y aEbX ¾µÈÂ

(N, dc, dT )
DKZ`IHXD½

ÇaGIa`I bX[ mX[[GZX[ Y>`b bX aEYJD?IX �XD[ Y>`b bX �GDHGFIX B a�Gi`X Y>`b bX aEYJD?IX c
DXÿEHJ

dT
mX[[GZX[ H[[`[ bX[ Y>`b[ bX �GDHGFIX[ �EH[HY[ T aGIa`IX IX[ dT

mX[[GZX[ C`H[ XY�EHX aX`gÇaH G`gY>`b[ bX �GDHGFIX[ �EH[HY[½
µGY[ IX[ bX`g C�G[X[T a�Gi`X mX[[GZX X[J aGIa`IK ~ CGDJHD bX JE`[ IX[ mX[[GZX[ XYJDGYJ ~IlXgaXCJHEY b` mX[[GZX H[[` bX IG FDGYa�X aEY[HbKDKX½ÀY `JHIH[GYJ IX[ 7 DhZIX[ bX aGIa`I CDK[XYJKX[ CDKaKbXmmXYJ IED[i`X IX[ mX[[GZX[ [EYJ bX[ IEÇZGDHJ�mX[ bX DGCCEDJ bX �DGH[XmFIGYaXT YE`[ EFJXYEY[ IX[ DXIGJHEY[ [`H�GYJX[ CE`D IX[ mX[[GZX[

µ
(l)
c→T (c) XJ µ

(l)
T→c(c)

B
ÇaGIa`I bX[ mX[[GZX[ Y>`b bX �GDHGFIX �XD[ Y>`b bX aEYJD?IX µ

(l)
c→T (c)

B
µ

(l)
c→T (c) =

dT −1
∑

i=1

µ
(l−1)
Ti→c(c) + µ0(c)

�·½ò¹�
¾ED[ bX IG CDXmHhDX HJKDGJHEY G`a`YX HYcEDmGJHEY L MRSNRS H[[`X bX[ CDKaKbXYJ[ bKaEbX`D[ YlKJGYJbH[CEYHFIXT [X`IX IlHYcEDmGJHEY H[[`X b` aGYGI bX JDGY[mH[[HEY µ0

X[J `JHIH[KX bGY[ IX aGIa`I bX
µc→T (c)

½
µ0(c)

X[J IX DGCCEDJ bX �DGH[XmFIGYaX b` [�mFEIX DXÿ` B
µ0(c) = ln

p(y/x = +1)

p(y/x = −1)
=

2

σ2
y

ÇaGIa`I bX[ mX[[GZX[ aEYJD?IX �XD[ �GDHGFIX µ
(l)
T→c(c)

B
µ

(l)
T→c(c) = −2 tanh−1

(

dc−1
∏

i=1

tanh

(

µ
(l)
ci→T (ci)

2

)) �·½ò¿�
ÎHYGIXmXYJT IX aGIa`I bX IlHYcEDmGJHEY L MNOPQRSNRS APP (x)

G[[EaHK G` FHJ
c X[J XëXaJ`K XY[EmmGYJ IX[ HYcEDmGJHEY[ H[[`X[ bX JE`[ IX[ Y>`b[ bX aEYJD?IX XJ b` aGYGI B

APP (x) =

dc
∑

i=1

µ
(l)
Ti→c(c) + µ0(c)

�·½òñ�
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Th

Tj

ci

ck

p(yi/xi)

dc − 1

dT − 1

µ
(l−1)
Th→ci

(ci)

µ
(l)
ci→Tj

(ci)

µ
(l)
Tj→ck

(ck)

HJKDGJHEY l − 1

HJKDGJHEY l

���	 ·½77 Ì ÀgXmCIX blGDFDX IEaGI CE`D `Y aEbX ¾µÈÂ
(dc, dT )

ª«� �°±ÔÖ ³°�°4²®´�Ö ³°³Ò®ÑÑÖ Ô ×Ò¯Ò44�4Ô °² �²¯�° ³°±ÔÖ
Ø$�$Ø DÛ�ÝÞÛÝ�� ü�"��ø÷�¾G [JD`aJ`DX b` aEbX`D G[[EaHK G` J`DFE aEbX E` aEbX[ aEY�EI`JHc[ aEYaGJKYK[ XY CGDGIIhIX�ÈÂÂ� �MLRLVVQV qNnqLPQnLPQp qNn�NVoPSNnLV qNpQRO XY GYZIGH[� X[J CDK[XYJKX �Z`DX ·½7¹½ ÂX aEbX`DaEmCDXYb 7 aEbX`D[ aEY�EI`JHc[ DKa`D[Hc[ [�[JKmGJHi`X[ �í¶Â� FHYGHDX[ bX DXYbXmXYJ k/n XJ ·XYJDXIGaX`D bX K

FHJ[½ ¾G IEYZ`X`D bX IG [Ki`XYaX blXYJDKX X[J IHmHJKX ~ � FHJ[½¾X Æ`DFE aEbX GHY[H aEY[JD`HJ X[J `Y aEbX XY FIEa (N,K)
G�Xa N = (2n−k

k +1)K XY YKZIHZXGYJIX[ K�XYJ`XI[ FHJ[ bX JXDmHYGH[EY½ ¾X DXYbXmXYJ ZIEFGI b` aEbX X[J bEYa KZGI ~ B
RT =

1

2n−k
k + 1¾G cEYaJHEY blXYJDXIGaXmXYJ GCCIHi`KX [`D IX[ � FHJ[ blHYcEDmGJHEY mEbH�X IlEDbDX bX [EDJHX bXaX`gÇaH½XY XYJDXIGaX`D E

bX JGHIIX K X[J bK�YH CGD [G mGJDHaX bX CXDm`JGJHEY Π
bX bHmXY[HEY K ×K tYE`[ G�EY[ GIED[ IG DXIGJHEY XYJDX IG [Ki`XYaX XYJDKX u XJ IG [EDJHX v

bX IlXYJDXIGaX`D E
B

v = uΠ
G�Xa u = [u0, u1, . . . , uK−1]

v = [v0, v1, . . . , vK−1]

Π = {aij}K×K
G�Xa aij ∈ {0, 1}

∑

j

aij = 1 XJ ∑

i

aij = 1

¶H aij @· GIED[ IX FHJ
ui

X[J G[[EaHK G` FHJ
vj

½
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T1 T2 Tdc−1

dc − 1

T

c

p(y/x)

µ0(c)µ
(l−1)
T1→c(c)

µ
(l)
c→T (c)

c1 c2 vdT −1

dT − 1

T

c

µ
(l)
c1→T (c1)

µ
(l)
T→c(c)

�G� �F�
���	 ·½7Ã Ì ÎIEJ bX mX[[GZX CE`D IX[ aGIa`I[ bX µ

(l)
c→T (c) XJ µ

(l)
T→c(c)

½

Codeur  1
 R=k/n

Entrelaceur E

u
u

c1

c2

      K bits       K bits       (n/k-1)K bits       (n/k-1)K bits

v Codeur  2
 R=k/n

���	 ·½7¹ Ì ÂEbX`D[ aEY�EI`JHc[ aEYaGJKYK[ XY CGDGIIhIX
¾G [JD`aJ`DX HYHJHGIXmXYJ CDECE[KX CGD ÄXDDE` QP LV  aEmCEDJX 7 aEbX`D[ í¶Â bX DXYbXmXYJ

R = 1/2
½ ¾X DXYbXmXYJ ZIEFGI X[J GIED[ KZGI ~ RT = 1/3

½ ¾X ZDGC�X Æ|¾ bX aX aEbX`D ÈÂÂ bXDXYbXmXYJ RT = 1/3 X[J bEYYK �Z`DX ·½7¿½ÂEmmX CE`D IX[ aEbX[ aEY�EI`JHc[T HI X[J CE[[HFIX blXëXaJ`XD `YX CXDcEDGJHEY XY [EDJHX G�YblG`ZmXYJXD IX DXYbXmXYJ ZIEFGI½¾X[ aDHJhDX[ bX aEY[JD`aJHEY bX IlXYJDXIGaX`D [EYJ bE`FIX[ B
¾X CDXmHXD aDHJhDX bX aEY[JD`aJHEY bX IlXYJDXIGaX`D X[J DXIGJHc ~ IG bH[JDHF`JHEY bX CEHb[ bX[aEbX[ aEY�EI`JHc[ aEYaGJKYK[ XY CGDGIIhIX B IlXYJDXIGaX`D bEHJ ;JDX aEY[JD`HJ bX mGYHhDX ~ K�HJXDIX[ CXDm`JGJHEY[ i`H XYJDG�YXYJ bX[ mEJ[ aEbX[ bX cGHFIX CEHb[½ ìI bEHJ CXDmXJJDX blGmKIHEDXD IGbH[JDHF`JHEY bX CEHb[ bX[ aEbX[ aEYaGJKYK[ XJ blG`ZmXYJXD IX`D[ bH[JGYaX[ mHYHmGIX[½ ¾G [JD`aJ`DXCGDGIIhIX bX[ aEbX[ ÈÂÂ HmCIHi`X i`X IX CEHb[ bX JGmmHYZ b` mEJ aEbX X[J KZGI ~ IG [EmmXbX[ CEHb[ bX JGmmHYZ bX[ [Ki`XYaX[ �T w1 XJ w2 ½ ÊHY[H IlXYJDXIGaX`D bEHJ XYJDXIGaXD IX[ [Ki`XYaX[blXYJDKX � i`H ZKYhDXYJ bX[ [Ki`XYaX[ w1 bX CEHb[ cGHFIXT G�Xa IX[ [Ki`XYaX[ k i`H ZKYhDXYJ bX[[Ki`XYaX[ w2 bX CEHb[ cEDJT XJ �HaX �XD[G
¾X [XaEYb aDHJhDX bX aEY[JD`aJHEY X[J DXIGJHc G` bKaEbGZX HJKDGJHc½ ¾lXYJDXIGaX`D bEHJ ZGDGYJHD IXmXHIIX`D CG[[GZX bX IlHYcEDmGJHEY XgJDHY[hi`X bl̀ Y bKaEbX`D ~ IlG`JDX½ Ê`JDXmXYJ bHJT IlXYJDXIGaX`DbEHJ CXDmXJJDX ~ a�Gi`X HJKDGJHEY i`X IlHYcEDmGJHEY L MRSNRS [EHJ IG mEHY[ aEDDKIKX CE[[HFIX G�XaIlHYcEDmGJHEY H[[`X b` aGYGI bX JDGY[mH[[HEY½ ¾lEFËXaJHc bX aX aDHJhDX X[J blG[[`DXD i`X IX[ CXDcEDÇmGYaX[ b` bKaEbX`D HJKDGJHc [EHXYJ G`[[H CDEa�X[ i`X CE[[HFIX bX aXIIX[ bl̀ Y bKaEbX`D ~ mGgHm`mbX �DGH[XmFIGYaX½ ÂX aDHJhDX X[J [GJH[cGHJ [E`[ DK[XD�X i`X IX ZDGC�X Æ|¾ b` aEbX aEYaGJKYK [EHJ
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codeur 1

entrelaceur

codeur 2

x3’

u0 u1 u2 u3

c1
0 c1

1 c1
2 c1

3

s0

s0 s1

s1

s2

s2

s3

s3

s4

s4

T0

T0

T1

T1

T2

T2

T3

T3

c2
0 c2

1 c2
2

���	 ·½7¿ Ì ÅDGC�X Æ|¾ bl̀ Y aEbX`D ÈÂÂ
[GY[ a�aIX½ ÂEmmX IX[ a�aIX[ [EYJ JE Ë̀E`D[ CDK[XYJ[T IX [XaEYb aDHJhDX bX aEY[JD`aJHEY bEHJ ZGDGYJHDi`X aX[ a�aIX[ [EHXYJ [`:[GmmXYJ ZDGYb[½

¾X D?IX bX IG JXDmHYGH[EY X[J blK�HJXD IX[ mEJ[ bX aEbX bX cGHFIX CEHb[ XY GËE`JGYJ XY �Y bX[Ki`XYaX M
FHJ[ G�Y bX DGmXYXD IlKJGJ HYJXDYX b` aEbX`D aEY�EI`JHc ~ IlKJGJ ÉKDE Eô

M X[J IXYEmFDX bX aXII`IX[ mKmEHDX[ b` aEbX`D aEY�EI`JHc½ È`[HX`D[ JXa�YHi`X[ bX JXDmHYGH[EY [EYJ CE[Ç[HFIX[ aEmmX IG JXDmHYGH[EY bX[ 7 aEbX`D[ [KCGDXmmXYJ XJ IG JXDmHYGH[EY bX[ 7 aEbX`D[ aEYËEHYJXÇmXYJ½ XYX G`JDX GCCDEa�X aEY[H[JX ~ DGmXYXD IlKJGJ b` aEbX`D bGY[ IlKJGJ HYHJHGI½ ¾G �Y b` JDXHIIH[b` aEbX X[J GIED[ DXFE`aIKX [`D [EY bKF`J½ ÂXJJX JXa�YHi`X X[J GCCXIKX PLSV�USPSns XY GYZIGH[½
Ø$�$Ù HÛÝÜ� Ü�� ö��û!�Cø"Þ�� C!G�""�� Ü�� ÛÝ�ú! Þ!Ü��µGY[ »ñ¼T ÄXYXbXJJE XJ ßEYJED[H EYJ HYJDEb`HJ `Y XYJDXIGaX`D `YHcEDmX CE`D KJ`bHXD IX[ CXDÇcEDmGYaX[ mE�XYYX[ bX[ aEbX[ ÈÂÂ½ XY XYJDXIGaX`D `YHcEDmX YlX[J CG[ `Y XYJDXIGaX`D G` [XY[[JDHaJ mGH[ CI`J?J `Y E`JHI CDEFGFHIH[JX B HI G[[EaHX `YX [Ki`XYaX blXYJDKX bX CEHb[

w
G�Xa IX[ (K

w

)[Ki`XYaX[ bH[JHYaJX[ bX CEHb[
w

T a�Ga`YX G�Xa IG m;mX CDEFGFHIHJK
p = 1/

(

K
w

)½ ÂXJ XYJDXIGaX`DCXDmXJ bX aGIa`IXD IlKY`mKDGJX`D bX CEHb[ mE�XY bX[ aEbX[ aEY�EI`JHc[ aEYaGJKYK[½ ÁE`[ G�EY[HYJDEb`HJ CDKaXbXmmXYJ IG cEYaJHEY blKY`mKDGJHEY bX CEHb[ ìí|ÀÎ
AC(W,Z)

bl̀ Y aEbX`D FHÇYGHDX XY FIEa (N,K)
½ ¾G cEYaJHEY ìí|ÀÎ bl̀ Y aEbX`D í¶Â C

bX DXYbXmXYJ k/n
bEYJ IG [Ki`XYaXblXYJDKX X[J JXDmHYKX XJ bX IEYZ`X`D K

FHJ[ X[J IG [`H�GYJX B
AC(W,Z) =

K
∑

w=wmin

n−k
k

K
∑

z=zmin

AC
w,zW

wZz =
K
∑

w=wmin

WwAC(w,Z)

G�Xa AC(w,Z) =

n−k
k

K
∑

z=zmin

AC
w,zZ

z

AC
w,z

X[J IX YEmFDX bX mEJ[ bX aEbX bX C
bEYJ IX CEHb[ bX IG [Ki`XYaX blXYJDKX X[J KZGI ~ w XJbEYJ IX CEHb[ bX IG [Ki`XYaX bX[ FHJ[ bX DXbEYbGYaX X[J KZGI ~ z

½
wmin

X[J IX CEHb[ mHYHmGI bX[[Ki`XYaX[ blXYJDKX½ zmin
X[J IX CEHb[ mHYHm`m bX[ FHJ[ bX DXbEYbGYaX½ ¾X aGIa`I bX IG cEYaJHEYblKY`mKDGJHEY bX CEHb[

AC(W,Z)
CE`D `Y aEbX aEY�EI`JHc JXDmHYK X[J bK�XIECCK bGY[ IlGYYXgX ·½
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µGY[ IX aG[ bX[ aEbX`D[ í¶Â JXDmHYK[T EY G

wmin = 2
½ ÁE`[ G�EY[ GIED[ IG DXIGJHEY [`H�GYJXXYJDX dlibre

IG bH[JGYaX IHFDX E` mHYHmGIX b` aEbX`D í¶Â XJ zmin
B

dlibre ≥ zmin + 2
�·½òò�

¾X[ aEX:aHXYJ[ bX IG cEYaJHEY blKY`mKDGJHEY bX CEHb[ ìí|ÀÎ mE�XYYX ACP (W,Z)
bl̀ Y aEbX ÈÂÂaIG[[Hi`X aEmCE[K bX 7 aEbX`D[ í¶Â HbXYJHi`X[ XJ bl̀ Y XYJDXIGaX`D [lXgCDHmX aEmmX [`HJ ¡ B

ACP (w,Z) =
[AC(w,Z)]2

(

K
w

)

�·½òº�
¾l̀ JHIH[GJHEY bX IG FEDYX CGD DK`YHEY CXDmXJ GIED[ blEFJXYHD `YX FEDYX [`CKDHX`DX [`D IX JG`gblXDDX`D[ FHJ b` bKaEbX`D ~ mGgHm`m bX �DGH[XmFIGYaX [`D `Y aGYGI ~ FD`HJ FIGYa GbbHJHc ZG`[[HXY�ÄÄÊÅ�½ýY bK�YHJ IG bH[JGYaX IHFDX XëXaJH�X dlibre,eff

b` aEbX aEYaGJKYK aEmmX [`HJ B
dlibre,eff = 2 + 2zmin

�·½ò¸�
Ê�Y bX mGgHmH[XD zmin

XJ bEYa dlibre,eff
HI cG`J a�EH[HD `Y CEI�Y?mX CDHmHJHc G` bKYEmHYGJX`D½ÈE`D `Y YEmFDX bX aXII`IX M XJ `Y DXYbXmXYJ R �gK[T HI DX[JX GIED[ ~ bKJXDmHYXD IX E` IX[CEI�Y?mX[ Y`mKDGJX`D[½ µGY[ »ò¼T `YX DXa�XDa�X Xg�G`[JH�X bX[ mXHIIX`D[ aEbX[ aEY[JHJ`GYJ[ í¶ÂCE`D IX[ aEbX[ ÈÂÂ XJ ßÈÂÂ FG[KX [`D IX aDHJhDX bX IG bH[JGYaX IHFDX XëXaJH�X G KJK XëXaJ`KX½

¶`D IG �Z`DX �·½7ñ�T YE`[ CDK[XYJEY[ IX[ CXDcEDmGYaX[ mE�XYYX[ Pe = f(Eb/N0)
bl̀ Y aEbX`DaEY�EI`JHc aEYaGJKYK XY CGDGIIhIX bX DXYbXmXYJ JEJGI

Rt = 1/3 aEmCE[K bX 7 aEbX`D[ aEY�EI`JHc[DKa`D[Hc[ [�[JKmGJHi`X[ í¶Â�òT¿�XJ í¶Â�·¿T·ò� XJ CE`D 7 JGHIIX[ blXYJDXIGaX`D[ `YHcEDmX[ �·óó XJ·óóóFHJ[� XY `JHIH[GYJ IG FEDYX CGD `YHEY½ ýY CX`J XY CGDJHa`IHXD �KDH�XD IX ZGHY blXYJDXIGaXmXYJKZGI HaH ~ 1/K
½

¢
(

n

p

) ��� �� ��%*� �� !�%*"��"���� ���� ����"�"�� ��
n

���%���� �"�
p

'
p
( (n

p

)

=
n!

p!(n−p)!
(
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
10
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−2

10
−1

B
E

R

EB/N0

K = 100

K = 1000

���	 ·½7ñ Ì ÂEmCGDGH[EY bX[ CXDcEDmGYaX[ mE�XYYX[ bX aEbX[ ÈÂÂ bX DXYbXmXYJ Rt = 1/3aEmCE[K bX aEbX[ í¶Â�òT¿� �XY JDGHJ CEHYJHIIK� XJ í¶Â�·¿T·ò� �XY JDGHJ aEYJHY`� XJ bl̀ Y XYJDXIGaX`D`YHcEDmX K = 100 XJ K = 1000
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Ø$�$# ��Þ!Ü�Ý�  Û��øÛ û ö!Ý� ÷�� ÛÝ�ú! Þ!Ü��µGY[ IX a�GCHJDX CDKaKbXYJ YE`[ G�EY[ mEYJDK i`X IlGCCIHaGJHEY bX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ[`D `Y ZDGC�X [GY[ a�aIX CXDmXJ bX aGIa`IXD X:aGaXmXYJ XJ XgGaJXmXYJ IX[ CDEFGFHIHJK[ L MNOPQRSNRS
APP (xS

i = a)
½ ÂXCXYbGYJ bGY[ bX YEmFDX`[X[ GCCIHaGJHEY[ aEmmX IX[ aEbX[ aEYaGJKYK[ �aEbX[¾µÈÂT aEbX[ CDEb`HJ[T aEbX[ ÈÂÂT½½�T IX ZDGC�X aEYJHXYJ bX[ a�aIX[½ ßGIZDK IlGF[XYaX bX Ë`[JH�aGÇJHEY mGJ�KmGJHi`X DHZE`DX`[XT HI X[J YKGYmEHY[ CE[[HFIX bl̀ JHIH[XD IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ XYcGH[GYJ GF[JDGaJHEY bX[ a�aIX[ CDK[XYJ[ bGY[ IX ZDGC�X½ ÂlX[J aX i`X YE`[ GIIEY[ cGHDX XY bKaEbGYJHJKDGJH�XmXYJ IX[ aEbX[ aEYaGJKYK[ CE`D X[JHmXD IX[ FHJ[ KmH[½¾G aEmCIXgHJK b` aGIa`I XgGaJ bX APP (xS

i )
bGY[ `YX [JD`aJ`DX aEYaGJKYKX aDEHJ XgCEYXYJHEYXIÇIXmXYJ G�Xa IG IEYZ`X`D bX IG [Ki`XYaX blHYcEDmGJHEY½ ¾lHYJKD;J CDHYaHCGI bX IG [JD`aJ`DX aEYaGJKYKXb` aEbX`D DK[HbX bGY[ IG CE[[HFHIHJK bX DKGIH[XD `Y bKaEbGZX [E`[ ECJHmGI bX aX aEbX½ ¾lEFËXaJHcb` bKaEbGZX HJKDGJHc X[J blXgCIEHJXD IG [JD`aJ`DX b` ZDGC�X b` aEbX`D ÈÂÂ aEmCE[K bX 7 ZDGC�X[KIKmXYJGHDX[ [GY[ a�aIX CE`D cGaJEDH[XD IG CDEFGFHIHJK L MNOPQRSNRS APP (xS

i = a) = Pr{xS
i = a |

yS,y1,y2}½ ýY K�HJX GHY[H bX aGIa`IXD IG CDEFGFHIHJK L MNOPQRSNRS bX cGÿEY ZIEFGIX½
¾X bKaEbGZX HYHJHGIXmXYJ CDECE[K CGD ÄXDDE` QP LVO  bGY[ »̧ ¼ aEY[H[JX ~ bKaEbXD GIJXDYGJH�XmXYJIX[ aEbX[ aEY[JHJ`GYJ[ b` aEbX`D aEYaGJKYK½ ÈE`D a�Gi`X aEbX KIKmXYJGHDX EY XëXaJ`X `Y bKaEbGZX~ XYJDKX[ XJ [EDJHX[ CEYbKDKX[½¾X [a�KmG [HmCIH�K b` bKaEbX`D HJKDGJHc X[J bEYYK �Z`DX ·½7ò½

APRI

CANAL

DEC 1

EXTR

APP CANAL

APRI

DEC 2

APP

EXTR

þSþ1þ2

KSK1

K2

π

π

π−1

���	 ·½7ò Ì ¶JD`aJ`DX b` bKaEbX`D HJKDGJHc
¶`D aXJJX �Z`DXT IX[ bHëKDXYJ[ KJGZX[ bX DXJGDb YX [EYJ CG[ DXCDK[XYJK[ mGH[ bEH�XYJ ;JDX HmÇCIGYJK[ IED[ bl̀ YX DKGIH[GJHEY mGJKDHXIIX CE`D JXYHD aEmCJX bX[ DXJGDb[ bX[ bHëKDXYJ[ KIKmXYJ[ b`bKaEbX`D HJKDGJHc �bKaEbX`DT XYJDXIGaX`D�½ÈXYbGYJ IX bKaEbGZXT IX[ HYcEDmGJHEY[ XgJDHY[hi`X[ aGIa`IKX[ CGD IX bKaEbX`D · GCDh[ XYJDXÇIGaXmXYJ bX�HXYYXYJ IX[ HYcEDmGJHEY[ L MRSNRS CE`D IX bKaEbX`D 7½ ¶`HJX G` bKaEbGZX b` [XaEYbaEbXT IX[ HYcEDmGJHEY[ XgJDHY[hi`X[ b` bKaEbX`D 7T GCDh[ GCCIHaGJHEY bX IG cEYaJHEY blXYJDXIGaXmXYJHY�XD[XT [EYJ JDGY[mH[X[ G` bKaEbX`D · aEmmX HYcEDmGJHEY[ L MRSNRS½ ÂX CDEaX[[`[ GCCXIK HJKDGJHEYX[J DKCKJK CI`[HX`D[ cEH[½ XY XgXmCIX bX ZDGC�X cGaJEDH[K CE`D `Y aEbX ÈÂÂ bX DXYbXmXYJ ·uÃ X[JbEYYK XY �Z`DX ·½7º½ÂX ZDGC�X aEmCEDJX bX YEmFDX`g a�aIX[½ ìI X[J HmCEDJGYJ bGY[ IX aG[ bX[ JGHIIX[ bX FIEa mE�XYYX�

K ≤ 2000
� bX a�XDa�XD ~ DKb`HDX IX`D HYY`XYaX G�Y blGmKIHEDXD IX[ CXDcEDmGYaX[ b` bKaEbGZXHJKDGJHc½ µGY[ »Ã¿¼ XJ »7ò¼ IX[ G`JX`D[ EYJ mEYJDK i`X IX bKaEbGZX HJKDGJHc CDECE[K CGD ÄXDDE` X[JKi`H�GIXYJ ~ IlGCCIHaGJHEY bX IlGIZEDHJ�mX ¶EmmXÇÈDEb`HJ [`D IX ZDGC�X cGaJEDH[K b` aEbX½ÁE`[ GIIEY[ mGHYJXYGYJ bKaDHDX IX[ bHëKDXYJX[ ECKDGJHEY[ DKGIH[KX[ G` aE`D[ b` bKaEbGZX½¶EHJ � = þS T IG [Ki`XYaX blHYcEDmGJHEYT w1 XJ w2 IX[ [Ki`XYaX[ bX[ FHJ[ bX DXbEYbGYaX XJKS T K1 XJ K2 IX[ [Ki`XYaX[ DXÿ`X[ G[[EaHKX[½ Ê CGDJHD bX[ N = Kn/k

EF[XD�GJHEY[ DXIGJH�X[ G`
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entrelaceur

u0 u1 u2 u3

c1
0 c1

1 c1
2 c1

3

s0

s0 s1

s1

s2

s2

s3

s3

s4

s4

c2
0 c2

1 c2
2 c2

3

p(y1
0 | x1

0) p(y1
1 | x1

1) p(y1
2 | x1

2) p(y1
3 | x1

3)

p(y2
0 | x2

0) p(y2
1 | x2

1) p(y2
2 | x2

2) p(y2
3 | x2

3)

p(yS
0 | xS

0 ) p(yS
1 | xS

1 ) p(yS
2 | xS

2 ) p(yS
3 | xS

3 )

T0

T0

T1

T1

T2

T2

T3

T3

aEbX ·

aEbX 7

���	 ·½7º Ì ÀgXmCIX bX ZDGC�X cGaJEDH[K bl̀ Y J`DFE aEbX bX DXYbXmXYJ ·uÃ
CDXmHXD aEbX`D XJ bX[ CDEFGFHIHJK[ L MRSNRS APRI1(l)(xS

i ) aGIa`IKX[ IED[ bl̀ Y bKaEbGZX CDKaKbXYJTIX bKaEbX`D · aGIa`IX GIED[ IX[ CDEFGFHIHJK[ XgJDHY[hi`X[ EXTR1(l)(xS
i )

[`H�GYJX[ CE`D IX[ K
FHJ[blHYcEDmGJHEY XJ ~ a�Gi`X HJKDGJHEY l

T
1 ≤ l ≤ lT

B
EXTR1(l)(xS

i = a) =
∑

xS:xS
i
=a

K−1
∏

j=0

j 6=i

APRI1(l)(xS
j )p(yS

j | xS
j )

N−K−1
∏

j′=0

p(y1
j′ | x1

j′)
�·½ºó�

EXTR1(l)(xS
i = a) X[J IG CDEFGFHIHJK XgJDHY[hi`X XJ APRI1(l)(xS

i = a) X[J IG CDEFGFHIHJK L MRSNRS[`D IX HÇHhmX FHJ bX IG [Ki`XYaX blXYJDKX u
½
APRI1(l)(xS

i = a) X[J EFJXY`X aEmmX [`HJ B
APRI1(l)(xS

i ) =

{

1/2 ∀i
CE`D

l = 1

EXTR2(l−1)(xS
i )

CE`D
l > 1µX IG m;mX cGÿEYT IX bKaEbX`D 7 aGIa`IX EXTR2(l)(xS

i )
B

EXTR2(l)(xS
i = a) =

∑

xS:xS
i
=a

K−1
∏

j=0

j 6=i

APRI2(l)(xS
j )p(yS

j | xS
j )

N−K−1
∏

j′=0

p(y2
j′ | x2

j′)
�·½º·�

G�Xa APRI2(l)(xS
i ) = EXTR1(l)(xS

i )
½ÎHYGIXmXYJT CE`D DKGIH[XD IG bKaH[HEY �YGIX IED[ bX IG bXDYHhDX HJKDGJHEY lT

T EY aGIa`IX APP (lT )(xS
i =

a)
B

APP (lT )(xS
i = a) ∝

∑

xS:xS
i
=a

K−1
∏

j=0

APRI2(lT )(xS
j )p(yS

j | xS
j )

N−K−1
∏

j′=0

p(y2
j′ | x2

j′)
�·½º7�

∝ p(yS
i | xS

i ) × APRI2(lT )(xS
i = a) × EXTR2(lT )(xS

i = a)
�·½ºÃ�
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ÈE`D aGIa`IXD aX[ CDEFGFHIHJK[T IX bKaEbX`D GCCIHi`X IlGIZEDHJ�mX ÊIIXDÇíXJE`D E` IlGIZEDHJ�mXbX �HJXDFH ~ [EDJHX[ CEYbKDKX[ mGH[ bGY[ aX aG[ IX[ CXDcEDmGYaX[ EFJXY`X[ [XDEYJ [XY[HFIXmXYJmEHY[ FEYYX[½£`XIi`X[ HJKDGJHEY[ [`:[XYJ ZKYKDGIXmXYJ CE`D i`X IX bKaEbX`D HJKDGJHc aEY�XDZX½ ¾X YEmFDXblHJKDGJHEY[ bKCXYb aXCXYbGYJ b` DGCCEDJ

Eb/N0
½ Ê` IHX` bX �gXD ~ IlG�GYaX IX YEmFDX blHJKDGJHEY[THI X[J CE[[HFIX bl̀ JHIH[XD bX[ aDHJhDX[ blGDD;J aEmmX IlKaGDJ XYJDECHi`X �qRNOO�QnPRNMW XY GYZIGH[�»Ãñ¼½ ¾G CDH[X bX bKaH[HEY �YGIX X[J DKGIH[KX ~ CGDJHD b` [HZYX bX[ HYcEDmGJHEY[ L MNOPQRSNRS EFJXY`X[IED[ bX IG bXDYHhDX HJKDGJHEY½ÂEmmX CE`D IX[ aEbX[ ¾µÈÂT G` IHX` bX aGIa`IXD IX[ CDEFGFHIHJK[

EXTR(xS
i = a) XJ APP (xS

i =
a)

T EY CX`J aGIa`IXD IX[ IEZGDHJ�mX[ bX[ DGCCEDJ[ bX �DGH[XmFIGYaX ¾¾í �VNsLRSPtu VS�QVStNNp RLPSNXY GYZIGH[� BÊHY[HT IX IEZGDHJ�mX b` DGCCEDJ bX �DGH[XmFIGYaX LAPP (xS
i )

[XDG KZGI ~ B
LAPP (xS

i ) = LAPRI(x
S
i ) + LINT (xS

i ) + LEXTR(xS
i )

�·½º¹�Ê�Xa
LINT (xS

i ) = ln
p(yS

j | xS
j = 1)

p(yS
j | xS

j = 0)
=

2

σ2
yS

j

LINT (xS
i ) X[J IlHYcEDmGJHEY HYJDHY[hi`X E` HYcEDmGJHEY H[[`X b` aGYGI½ ÀY CDGJHi`XT HI [XDG YKaX[Ç[GHDX blX[JHmXD IG �GDHGYaX b` FD`HJ

σ2 ½
Ø$�$1 <��Ý÷ÛøÛ� Ü� D CÝ÷øÛ !"ÈE`D HII`[JDXD IX[ CXDcEDmGYaX[ DXmGDi`GFIX[ bX[ J`DFE aEbX[ YE`[ CDK[XYJEY[ [`D IG �Z`DX·½7¸ IX[ aE`DFX[ BER = f(EB/N0)

bl̀ Y J`DFE aEbX bX DXYbXmXYJ RT = 1/2 aEmCE[K bX 7 aEbX[aEY�EI`JHc[ í¶Â (1, 1+D2

1+D+D2 ) XJ bl̀ Y XYJDXIGaX`D ECJHmH[K ¤�RLnpNu bX bHmXY[HEY K = 1024
½ XYXECKDGJHEY bX CXDcEDGJHEY CXDmXJ bX CG[[XD bl̀ Y DXYbXmXYJ bX ·uÃ ~ RT = 1/2

½ ¾X[ aE`DFX[ [EYJbEYYKX[ CE`D
l = 2, 5, 10 XJ ·¿ HJKDGJHEY[½ ýY CX`J �EHD i`lG` bXIG bX ¿ HJKDGJHEY[ IX ZGHY GCCEDJKCGD IX bKaEbGZX HJKDGJHc X[J JDh[ cGHFIX � mEHY[ bX ó½7 bÄ�½

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

E
B
/N

0

T
E

B

itération 2
itération 5
itération 10
itération 15

���	 ·½7¸ Ì ÂE`DFX[ BER = f(EB/N0)
CE`D `Y J`DFE aEbX bX DXYbXmXYJ ·u7 aEmCE[K bX 7 aEbX[aEY�EI`JHc[ í¶Â (1, 1+D2

1+D+D2 ) XJ bl̀ Y XYJDXIGaX`D ¤�RLnpNu bX K = 1024
½
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¶`D IG �Z`DX ·½Ãó YE`[ CDK[XYJEY[ IX[ aE`DFX[ BER = f(EB/N0)

bl̀ Y J`DFE aEbX bX DXYbXmXYJ
RT = 1/2 aEmCE[K bX 7 aEbX[ aEY�EI`JHc[ í¶Â (1, 1+D4

1+D+D2+D3+D4 )
CXDcEDK[ XJ bl̀ Y XYJDXIGaX`DC[X`bE GIKGJEHDX bX bHmXY[HEY K = 65536

½ ÂX aEbX X[J IX J`DFE aEbX HYHJHGIXmXYJ CDECE[K CGDÄXDDE` GYb GI[ XY ·¸¸Ã »̧ ¼½ ýY CX`J �EHD i`lGCDh[ ·º HJKDGJHEY[T CE`D `Y ÄÀí bX 10−5 EY G
EB/N0 = 0.7

bÄ½ ÁE`[ [EmmX[ bEYa [X`IXmXYJ ~ ó½ò bÄ bX IG IHmHJX bX ¶�GYYEY½ ìI cG`J aXCXYbGYJYEJXD IlXëXJ bX CGIHXD �a�GYZXmXYJ bX CXYJX bX IG aE`DFX� i`H GCCGDGHJ HaH CE`D `Y ÄÀí bX IlEDbDXbX 10−6 ½ ÂXJ XëXJ bX CGIHXD X[J aGDGaJKDH[JHi`X bX IG cGHFIX bH[JGYaX mHYHmGIX bX[ J`DFE aEbX[½ÂXCXYbGYJT IlECJHmH[GJHEY bX IlXYJDXIGaX`D CXDmXJ bX IX DKb`HDX [XY[HFIXmXYJ½

EB/N0

T
E

B

sans codage

itération 1

itération
 6

itération 3

itération 3

itération
18

effet de  palier

���	 ·½Ãó Ì ÂE`DFX[ BER = f(EB/N0)
CE`D `Y J`DFE aEbX bX DXYbXmXYJ ·u7 aEmCE[K bX 7 aEbX[aEY�EI`JHc[ í¶Â (1, 1+D4

1+D+D2+D3+D4 ) XJ bX · XYJDXIGaX`D C[X`bE GIKGJEHDX bX bHmXY[HEY K@ñ¿¿Ãñ½
ÀY aEYaI`[HEYT IlG[[EaHGJHEY J`DFE aEbX[ XJ bKaEbGZX HJKDGJHc CXDmXJ blEFJXYHD bX[ CXDcEDmGYaX[DXmGDi`GFIX[ G�Xa `YX aEmCIXgHJK DGH[EYYGFIX½
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¾G [JD`aJ`DX b` aEbX`D G[[EaHK G`g aEbX[ aEY�EI`JHc[ aEYaGJKYK[ XY [KDHX �¶ÂÂ� �OQRSLV qNnqLPQ�nLPQp qNn�NVoPSNnLV XY GYZIGH[� X[J CDK[XYJKX �Z`DX ·½Ã·½ ÂX aEbX`D aEmCDXYb 7 aEbX`D[ aEY�EI`JHc[[�[JKmGJHi`X[ C1
XJ C2

FHYGHDX[ DX[CXaJH�XmXYJ bX DXYbXmXYJ k1/n1
XJ k2/n2

XJ · XYJDXIGaX`D bX
Kn1/k1

FHJ[½ ¾G IEYZ`X`D bX IG [Ki`XYaX blXYJDKX X[J IHmHJKX ~ � FHJ[½

Codeur  1 Entrelaceur
E

u c1
c2

      K bits

Codeur  2
 

bits)/( 11 Kkn

111 / nkR = 222 / nkR =

bits)/)(/( 2211 KknknN =

���	 ·½Ã· Ì ÂEbX`D[ aEY�EI`JHc[ aEYaGJKYK[ XY [KDHX
¾X aEbX ¶ÂÂ GHY[H aEY[JD`HJ X[J `Y aEbX XY FIEa (N,K)

G�Xa N = (n2n1

k1k2
)K XY YKZIHZXGYJ IX[K�XYJ`XI[ FHJ[ bX JXDmHYGH[EY½ ¾X DXYbXmXYJ ZIEFGI b` aEbX X[J bEYa KZGI ~ B

RT =
k1

n1

k2

n2ÈGD XgXmCIX XY a�EH[H[[GYJ `Y aEbX C1
bX DXYbXmXYJ ·u7 XJ `Y aEbX C2

bX DXYbXmXYJ 2/3
EYEFJHXYbDG `Y aEbX ¶ÂÂ bX DXYbXmXYJ RT = 1/3

½ÂEmmX CE`D IX[ J`DFE aEbX[T IX bKaEbGZX X[J HJKDGJHc½
ª«§ �°±ÔÖ U3

Répétition
k fois

Entrelaceur
E

u c

      K bits      kK bits K bits

Codeur
 R=1/k

u

      K bits

���	 ·½Ã7 Ì ÂEbX`D íÊ
RT = 1/2

¶H EY a�G�YX IX[ aEbX`D[ aEY[JHJ`GYJ[ bl̀ YX [JD`aJ`DX bX aEbX`D[ aEY�EI`JHc[ aEYaGJKYK[ XYCGDGIIhIXT GIED[ IX aEbX GHY[H EFJXY` CX`J ;JDX �` aEmmX `Y aEbX aEYaGJKYK XY [KDHX aEmCE[K bl̀ YaEbX bX DKCKJHJHEY XJ bl̀ Y aEbX aEY�EI`JHc½ ¶H IX aEbX`D aEY�EI`JHc YX aEmCDXYb i`l̀ YX mKmEHDXHYJXDYX EY GCCXIIX aX aEbX`D `Y Gaa`m`IGJX`D½ ÂX aEbX X[J GCCXIK aEbX Gaa`m`IGJHEY DKCKJHJHEYíÊ �RQMQLP LqqouoVLPQ XY GYZIGH[�½
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ª«ª¨ �°±ÔÖ ×¯°±²´®Ö

¾X[ aEbX[ CDEb`HJ[ EYJ KJK HYJDEb`HJ[ XY ·¸¿¹ CGD ÀIHG[ »·¿¼½¾G [JD`aJ`DX bX aX[ aEbX[ X[J bEYYKX [`D IG �Z`DX ·½ÃÃ½
HH kn −

kV u ch

cv

colonnesHk colonnes

lignes

VV kn − lignes chv

���	 ·½ÃÃ Ì ÂEbX ÈDEb`HJ½
¾X aEbX GHY[H EFJXY` X[J `Y aEbX IHYKGHDX XY FIEa [�[JKmGJHi`X (N,K)

G�Xa N = nV nH
XJ

K = kV kH
½¾X DXYbXmXYJ ZIEFGI b` aEbX CDEb`HJ X[J KZGI ~ B

RT =
kV kH

nV nHÂ�Ga`YX bX[ nV
IHZYX[ aEDDX[CEYb ~ `Y aEbX XY FIEa IHYKGHDX [�[JKmGJHi`X CH (nH , kH)

½ ÈGDGHIIX`D[T a�Gi`X aEIEYYX aEDDX[CEYb KZGIXmXYJ ~ `Y aEbX XY FIEa IHYKGHDX [�[JKmGJHi`X CV (nV , kV )
½¾G bH[JGYaX mHYHmGIX bX aX[ aEbX[ X[J KZGIX G` CDEb`HJ

dV ×dH
Eô

dV
XJ dH

[EYJ DX[CXaJH�XmXYJIG bH[JGYaX mHYHmGIX bX[ aEbX[ aEY[JHJ`GYJ[ CV
XJ CH

½ ¾G bH[JGYaX mHYHmGIX X[J [`CKDHX`DX ~ aXIIXbX[ aEbX[ ÈÂÄÂ ZDÍaX ~ IG CDK[XYaX bX FHJ[ bX aEYJD?IX [`D IX[ FHJ[ bX aEYJD?IX½ÂEmmX CE`D IX[ aEbX[ ÈÂÄÂT IX[ aEbX[ aEY[JHJ`GYJ[ [EYJ CDHYaHCGIXmXYJ bX[ aEbX[ bX CGDHJKTbX aEbX[ bX JGmmHYZ E` bX[ aEbX[ ÄÂJ½
JH[JEDHi`XmXYJT IX[ aEbX[ CDEb`HJ[ EYJ [`DJE`J KJK `JHIH[K[ CE`D IG CDEJXaJHEY bX[ bEYYKX[ bX[Âµ G`bHE XJ bX[ Âµ DEm½ÈE`D aX[ GCCIHaGJHEY[T IX[ aEbX[ aEY[JHJ`GYJ[ [EYJ bX[ aEbX[ íXXbÇ¶EIEmEYaEY[JD`HJ[ [`D

GF (2q) XJ IX bKaEbGZX X[J ~ bKaH[HEY b`DX XJ [GY[ HJKDGJHEY½ÂXCXYbGYJT CE`D [lGCCDEa�XD bX[ CXDcEDmGYaX[ b` bKaEbX`D ~ mGgHm`m bX �DGH[XmFIGYaXT HIX[J YKaX[[GHDX bX DKGIH[XD `Y bKaEbGZX HJKDGJHc½ÂX[ aEbX[ EYJ KJK DXaXmmXYJ a�EH[H[ CE`D IG YEDmX bX DK[XG` [GY[ �I IGDZX FGYbX ìÀÀÀ ºó7½·ñ½¾X[ aEbX[ aEY[JHJ`GYJ[ [EYJ bX[ aEbX[ bX CGDHJK �ºTò�T�·ñT·¿� XJ �Ã7TÃ·� GHY[H i`X bX[ aEbX[ bXJGmmHYZ KJXYb` �·ñT··�T �Ã7T7ñ� XJ �ñ¹T¿ò�½
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Ï«ª �°66²´³Ò®´°Ö Ö×Ò®´Ò4ÔÖ
µGY[ JE`JX[ IX[ aEmm`YHaGJHEY[ [CGJHGIX[ IG mEb`IGJHEY `JHIH[KX X[J `YX mEb`IGJHEY ~ 7 KJGJ[bX C�G[X �ÄÈ¶��½
• ßH[[HEY ßGDHYXD XY ·¸ñ¸ XJ �HWHYZ �ßGD[�aEbX XY FIEa íXXbÇß`IIXD �Ã7TñT·ñ�T bKaEbX`D ~ XYJDKX[ CEYbKDKX[
• ßH[[HEY ÈHEYYXD ¸ XY ·¸ñ¸ �[EIXHI� ÈHEYYXD ·ó XY ·¸ò7 �Ë`CHJXD� ÈHEYYXD ·· XY ·¸òÃT ÈHEYYXD·7 ��KY`[�T JXIHE[ Ê XJ Ä �[EIXHI�aEbX aEY�EI`JHc DXYbXmXYJ ·u7

Kc = 32
T bKaEbX`D [Ki`XYJHXI ~ XYJDKX[ CEYbKDKX[

• ßH[[HEY �E�GZXD · XJ 7 XY ·¸òò �Ë`CHJXD XJ [GJ`DYX� XJ [JGYbGDb ÂÂ¶µ¶aEbX aEY�EI`JHc �·ñÃT·ò·� DXYbXmXYJ ·u7T
Kc = 7

T bKaEbX`D bX �HJXDFH ~ XYJDKX[ CEYbKDKX[
• ¶GJXIIHJX[ ÅIEFGI[JGDaEbX aEY�EI`JHc DXYbXmXYJ ·u7T

Kc = 9

• ¶JGYbGDb ÂÂ¶µ¶ XJ ßH[[HEY �E�GZXDaEbX aEY�EI`JHc �·ñÃT·ò·� DXYbXmXYJ ·u7T
Kc = 7

T aEbX íXXbÇ¶EIEmEY �7¿¿T77ÃTÃÃ�
• ßH[[HEY ÅGIHIXE XY ·¸¸ó �Ë`CHJXD�aEbX aEY�EI`JHc DXYbXmXYJ ·u¹T

Kc = 15
T
dmin = 35

T J�X ÄHZ �HJXDFH µXaEbXD �Ä�µ�
• ßH[[HEY ÂG[[HYH �[GJ`DYX�aEbX aEY�EI`JHc DXYbXmXYJ ·uñ

Kc = 15
T bKaEbX`D bX �HJXFH

Ï«Ï Ð´²Ö´° 3²±´° Ô® �Ñ4Ñ�´Ö´° ®²6Ñ¯´¯²Ô
• ÆKIKJXgJ BaEbX bX JGmmHYZ KJXYb` �ºT¹�
• Îß µHZHJGI Ê`bHE ÄDEGbaG[J �µÊÄ� BaEbX a�aIHi`X bHëXDXYaX [XJ �7òÃT·¸·�T bKaEbGZX ~ IEZHi`X mGËEDHJGHDX �XYJDKX[ b`DX[ E` CEYÇbKDKX[�
• µHZHJGI Ê`bHE ÄDEGbaG[J �µÊÄ� CE`D IX [�[JhmX G`bHE µ�Ä XJ ßÈÀÅ B

¹ò
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aEbX aEY�EI`JHc DKa`D[Hc DXYbXmXYJ ·u7

Kc = 5
T CXDcEDK �ZDGYb a�EHg CE`D CXDmXJJDX `YXbKZDGbGJHEY CDEZDX[[H�X bX[ CXDcEDmGYaX[�

• [�[JhmX CGD [GJXIIHJX µHDXaJÆ�T µHZHJGI �HbXE ÄDEGbaG[J �µ�Ä� [GJXIIHJX BmEb`IGJHEY £È¶� î aEbX aEY�EI`JHc �·ñÃT·ò·� DXYbXmXYJ ·u7 T
Kc = 7

T CXDcEDGJHEY Ãu¹T¹u¿T¿uñ XJ òuº T aEbX íXXbÇ¶EIEmEY �7ó¹T·ººT·ò�
• µ�Ä JXDDX[JDX BmEb`IGJHEY m`IJHCEDJX`[X[ ýÎµßT £Êßñ¹ î aEbX aEY�EI`JHc �·ñÃT·ò·� DXYbXmXYJ ·u7 T

Kc =
7
T CXDcEDGJHEY Ãu¹T¹u¿T ¿uñ XJ òuº T aEbX íXXbÇ¶EIEmEY �7ó¹T·ººT·ò�

Ï«2 �¯ÒÖ6´ÖÖ´° ±Ô ±°ÑÔÖ
• �7¸ XY ·¸òñ 7¹óó Fu[ T �GIc b`CIXg BmEb`IGJHEY £Êß·ñT ¹Fu[�mF
• �Ã7 XY ·¸º¹ ¸ñóó Fu[ c`II b`CIXg BmEb`IGJHEY aEbKX XY JDXHIIH[ Ã7ÇÂíý¶¶ 7 FHJ[ YEY aEbK[ XJ 7 FHJ[ aEbK[ G�Xa aEbX aEY�EI`JHc�ÃT7�

Kc = 4
¹Fu[�mF

• �ÃÃ XY ·¸ºñ ·¹¹óó Fu[ c`II b`CIXg BmEb`IGJHEY aEbKX XY JDXHIIH[ ·7ºÇÂíý¶¶ ¹ FHJ[ YEY aEbK[ XJ 7 FHJ[ aEbK[ G�Xa aEbX aEY�EI`JHc�ÃT7�
Kc = 5

ñFu[�mF
• �Ã¹ XY ·¸¸¹ ÃÃñóó Fu[ c`II b`CIXg BmEb`IGJHEY aEbKX XY JDXHIIH[ ¹µT Ë`[i`l~ ·ññ¹ CEHYJ[T º FHJ[ YEY aEbK[ XJ 7 FHJ[ aEbK[ G�Xa aEbXaEY�EI`JHc �ÃT7�

Kc = 5 ·óFu[�mF
Ï«T 7®°³±ÒÓÔ ±Ô ±°ÑÔÖ

• bH[i`X b`D mGZYKJHi`X BÆÄµ
• Âµ G`bHE Bí¶�7ºT7¹� î í¶�Ã7T7º� [EHJ `Y DXYbXmXYJ í@Ãu¹
• Âµ íýß BaEbX CDEb`HJ �··òóT·óÃ7� aEmCE[K bX aEbX[ IHZYX[ í¶�7ñT7¹� XJ bX aEbX[ aEIEYYX[ í¶�¹¿T¹Ã�bGY[

GF (28)

Ï«~ UÒ±´° ³°66²´³Ò®´°Ö
• Å¶ß BmEb`IGJHEY Åß¶�T aEbX aEY�EI`JHc DXYbXmXYJ ·u7T

Kc = 5

Ï«� �¯ÒÖ�Ô¯® ±Ô ²³5´Ô¯Ö
• ÆÂÈuìÈ BÂíÂ ·ñ FHJ[ [`D IlXYJ;JXT Êí£
• Jµ¾Â BÂíÂ ·ñ FHJ[ b` ÂÂìÆÆ E` ÂíÂ Ã7 FHJ[ ECJHEYYXIT Êí£
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ÂXJJX mKJ�EbX bX aGIa`I bX IG cEYaJHEY blKY`mKDGJHEY bX CEHb[ ìí|ÀÎ G KJK CDECE[KX CGD�HJXDFH QP LV  »¹¸¼½ ÁE`[ GIIEY[ CDK[XYJXD aXJJX mKJ�EbX ~ CGDJHD bl̀ Y XgXmCIX½ ÂEY[HbKDEY[ IX aG[b` aEbX`D aEY�EI`JHc DKa`D[Hc [�[JKmGJHi`X í¶Â�òT¿�½ ¾G mGJDHaX bX JDGY[HJHEY blKJGJ CE`D aX aEbXX[J IG [`H�GYJX B
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XJ IG cEYaJHEY blKY`mKDGJHEY bX CEHb[ [lKaDHJ B

A(W,Z) = (1 0 0 0)CK(W,Z)
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A00 (W,Z, i − 1)
A01 (W,Z, i − 1)
A10 (W,Z, i − 1)
A11 (W,Z, i − 1)









XJ






















A
(00)
w,z (i) = A

(00)
w,z (i − 1) + A

(10)
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A
(01)
w,z (i) = A

(00)
w−1,z−1(i − 1) + A

(10)
w,z (i − 1)

A
(10)
w,z (i) = A

(01)
w−1,z(i − 1) + A

(11)
w,z−1(i − 1)

A
(11)
w,z (i) = A

(01)
w,z−1(i − 1) + A

(11)
w−1,z(i − 1)
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G�Xa IX[ aEYbHJHEY[ HYHJHGIX[ [`H�GYJX[ B
A

(00)
0,0 (0) = 1

T XJ A
(s)
w,z(0) = 0

[HYEY½ ìI [`:J bEYa blGCCIHi`XDIX[ Ki`GJHEY[ 7½Ã CE`D
i = 1, . . . ,K
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»·¼ ¾½ í½ ÄG�IT V½ ÂEaWXT Î½ VXIHYXWT V½ íG�H�½ º»MPSuLV pQqNpSns Nv VSnQLR qNpQO vNR uSnSuS¼SnsOWuUNV QRRNR RLPQ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� s¾T CC½ 7º¹Ì7ºòT ßGD[ ·¸ò¹½»7¼ Å½ ÄGJJGHIT ß½ Â½ µXaE`�XIGXDXT È½ ÅEbIX¿[WH½ ÀÁQMVSqLPSNn pQqNpSns ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½Æ�XED� sÂ�7�T CCÃÃ7ÌÃ¹¿T ßGH ·¸ò¸½»Ã¼ Å½ ÄGJJGHIT Â½ ÄXDDE`T Ê½ ÅIG�HX`g½ ºÃOQopN�RLnpNu RQqoROS�Q qNn�NVoPSNnLV qNpSns vNR nQLR�qLMLqSPW MQRvNRuLnqQ½½ ÈDEa½ Ec Å¾ýÄÀÂýß ·¸¸ÃT JE`[JEYT ÆXgG[T X¶ÊT CC½ 7ÃÌ7òT ·¸¸Ã½»¹¼ Å½ ÄGJJGHI½ ºÄtÅNRSQ pQ V ÆSnvNRuLPSNn½½ ÀbHJHEY ßG[[EYT ·¸¸ò½»¿¼ ¶½ ÄXYXbXJJET Å½ ßEYJED[H½ ºÇQOSsn Nv MLRLVVQV qNnqLPQnLPQp qNn�NVoPSNnLV qNpQO ½½ ìÀÀÀ ÆDGY[½EY ÂEmm½ yy�¿�T CC½ ¿¸·ÌñóóT ßGH ·¸¸ñ½»ñ¼ ¶½ ÄXYXbXJJET Å½ ßEYJED[H½ ºÈn�QSVSns ÄoRUN qNpQO É ¤NuQ RQOoVPO Nn MLRLVVQV qNnqLPQnLPQpqNpSns OqtQuQO ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� ys�7�T CC½ ¹ó¸Ì¹7ºT ·¸¸ñ½»ò¼ ¶½ ÄXYXbXJJET í½ ÅGDXIIET Å½ ßEYJED[H½ ºÊ OQLRqt vNR sNNp qNn�NVoPSNnLV qNpQO PN UQ oOQp Sn PtQqNnOPRoqPSNn Nv ÄoRUN qNpQO ½½ ìÀÀÀ ÆDGY[½ EY ÂEmm½ yË�̧ �T CC½ ··ó·Ì··ó¿T ¶XCJ½ ·¸¸º½»º¼ À½ í½ ÄXDIXWGmC½ ºÊVsQURLSq qNpSns PtQNRW½½ ÀbHJHEY ßa ÅDG¿ÇJHIITÁX¿ ÌEDWT ·¸ñº½»̧ ¼ Â½ ÄXDDE`T Ê½ ÅIG�HX`gT È½ Æ�HJHmGË[�HmG½ ºÍQLR ¤tLnnNn VSuSP QRRNR qNRRQqPSns qNpSns LnppQqNpSns É ÄoRUN�qNpQO ½½ ÈDEa½ Ec J�X ·¸¸Ã ìYJ½ ÂEYc½ EY ÂEmm½T ÅXYX�GT ¶¿HJÉXIGYbT CC½·óñ¹Ì·óòóT ßGH½ ·¸¸Ã½»·ó¼ í½Â ÄE[XT µ½ �½ íG�ÇÂ�G`b�`DH º»n L qVLOO Nv QRRNR qNRRQqPSns USnLRW sRNoM qNpQO ½½ ìYcEDm½ÂEYJDEIT �EI½ÃT CC ñºÌò¸T mGD[ ·¸ñó½»··¼ V½Ä½ ÂGHYT Å½ Â½ ÂIGDWT V½ ß½ ÅXH[J ºÃonqPoRQp qNn�NVoPSNnLV qNpQO Nv RLPQ n − 1/n
LnpOSuMVSÎQp uL�Suou VS�QVStNNp pQqNpSns ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� sÂT CC½ ¸òÌ·óóT VGY�HXD·¸ò¸½»·7¼ µ½ Â�G[X½ ºÊ qVLOO Nv LVsNRSPtuO vNR pQqNpSns UVNq� qNpQO rSPt qtLnnQV uQLOoRQuQnP SnvNR�uLPSNn½½ ìÀÀÀ ÆDGY[½ EY ìYcEDm½ Æ�XED�½ qÏT CC½ ·òóÌ·º7T VGY½ ·¸ò7½»·Ã¼ Å½ ÂE�XY ºÐNpQO qNRRQqPQoRO p ÆQRRQoRO ½½ ÀbHJHEY ßG[[EYT ·¸¸ó½»·¹¼ Æ½ ß½ ÂE�XD XJ V½ Ê½ Æ�EmG[½ ºÑVQuQnPO Nv SnvNRuLPSNn PtQNRW½½ ÀbHJHEY |HIX�T ·¸¸·½»·¿¼ È½ ÀIHG[½ ºÑRRNR�vRQQ qNpSns ½½ ìíÀ ÆDGY[½ ìYcEDm½ Æ�XED�T CC½ 7¸ÌÃòT ·¸¿¹½»·ñ¼ Å½ µ½ ÎEDYX�½ ºÐNnqLPQnLPQp qNpQO ½½ ßìÆ ÈDX[[T ÂGmFDHbZXTßG[[½T ·¸ññ½»·ò¼ Å½ µ½ ÎEDYX�½ ºÐNn�NVoPSNnLV qNpQO Ò É ÊVsQURLSq OPRoqPoRQ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED�qË�ñ�T CC½ ò7óÌòÃºT ·¸òó½»·º¼ Å½ µ½ ÎEDYX�½ ºÄtQ ÓSPQRUS LVsNRSPtu½½ ÈDEaXXbHYZ[ Ec J�X ìÀÀÀ Ëq�Ã�T CC½ 7ñºÌ7òºT ßGD[·¸òÃ½»·¸¼ í½ Å½ ÅGIIGZXD½ ºÔNr pQnOSPW MLRSPW�qtQq� qNpQO ½½ ßìÆ ÈDX[[T ÂGmFDHbZXTßG[[½T ·¸ñÃ½ÆDGY[½ìYcEDm½ Æ�XED� sÂT CC½ ¸òÌ·óóT VGY�HXD ·¸ò¸½»7ó¼ í½ Å½ ÅGIIGZXD½ ºÒnvNRuLPSNn PtQNRW Lnp RQVSLUVQ qNuuonSqLPSNn½½ ÀbHJHEY |HIX�T ·¸ñº½»7·¼ È½ Å`HYGYbT V½ ¾EbZX½ ºÄRQVVSO PQRuSnLPSNn vNR ÄoRUN QnqNpQRO ½½ ·òJ� ÄHXYYGI ¶�mC½ EYÂEmm`YHaGJHEY[T �HYZ[JEYT ÂGYGbGT CC½ Ãº¸ÌÃ¸7T ßGH ·¸¸¹½
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»77¼ V½ JGZXYG`XDT À½ ýëXDT ¾½ ÈGCWX½ ºÒPQRLPS�Q pQqNpSns Nv USnLRW UVNq� Lnp qNn�NVoPSNnLV qNpQO ½½ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� ys�7�T CC½¹7¸Ì¹¹¿T ßGD½ ·¸¸ñ½»7Ã¼ Ê½ JEai`XYZ�Xm½ ºÐNpQO qNRRQqPQoRO p ÆQRRQoRO ½½ Â�HëDX[T �EI½7T CC ·¹òÌ·¿ñT [XCJ½ ·¸¿¸½»7¹¼ V½ JEWcXIJT ý½ ÀbcED[T Æ½ ßG[XYZ½ ºÊ OoR�QW Nn PRQVVSO PQRuSnLPSNn LVPQRnLPS�QO vNR ÄoRUNqNpQO ½½ ÈDEa½ Ec �X�Ha`IGD ÆXa�YEIEZ� ÂEYcXDXYaXT JE`[JEYT X¶ÊT CC½ 777¿Ì777¸T ßGH ·¸¸¸½»7¿¼ µ½ Ê½ J`ëmGY½ ºÊ uQPtNp vNR PtQ qNnOPRoqPSNn Nv uSnSuou RQponpLnqW qNpQO ½½ ÈDEa½ ìíÀT�EI½ ¹óT CC½ ·ó¸ºÌ··ó·T [XCJXmFDX ·¸¿7½»7ñ¼ í½ VE�GYYX[[EYT �½ ¶½ ÕHZGYZHDE�½ ºÖonpLuQnPLVO Nv qNn�NVoPSNnnLV qNpSns ½½ ìÀÀÀ ÈDX[[TÈH[aGJG¿G�T ÁVT X¶ÊT ·¸¸¸½»7ò¼ Î½ í½ �[a�H[a�GYZT Ä½ V½ ÎDX�T J½ Ê½ ¾EXIHZXD½ ºÖLqPNR sRLMtO Lnp PtQ Oou�MRNpoqP LVsNRSPtu½½ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� y×�7�T CC½ ¹¸ºÌ¿·¸T ÎXF½ 7óó·½»7º¼ ß½ ¾`F�T ß½ ßHJÉXYmGa�XDT Ê½ ¶�EWDEIIG�HT µ½ ¶CHXImGY½ ºÒuMRN�Qp VNr pQnOSPW MLRSPWqNpQO oOSns SRRQsoVLR sRLMtO Lnp UQVSQv MRNMLsLPSNn½½ HY ÈDEa½ Ec J�X ·¸¸º ìYJ½ ¶�mC½ EY ìYcE½Æ�XED�TÄE[JEYT X¶ÊT CC½··òT ·¸¸º½½»7¸¼ µ½ V½ Â½ ßGa�G�½ ºØNNp QRRNR�qNRRQqPSns qNpQO ULOQp Nn �QRW OMLROQ uLPRSqQO ½½ ìÀÀÀ ÆDGY[½ìYcEDm½ Æ�XED� yÂT CC½ Ã¸¸Ì¹Ã·T ßGD½ ·¸¸¸½»Ãó¼ í½ V½ ßaÀIHXaXT À½ í½ íEbXmHa�T J½ Â½ í`m[X�T ¾½ í½ |XIa�½ ºÍQr oMMQR UNonpO Nn PtQRLPQ Nv L qNpQ �SL PtQ ÇQVOLRPQ�ÙLqÚSVVSLu½½ ÈDEa½ ìÀÀÀ ÆDGY[½ EY ìYcE½ J�XED�T �EI½ ìÆÇ7ÃTCC½·¿òÌ·ññT ·¸òò½»Ã·¼ µ½ V½ Â½ ßGa�G�½ ºØNNp QRRNR�qNRRQqPSns qNpQO ULOQp Nn �QRW OMLROQ uLPRSqQO ½½ ìÀÀÀ ÆDGY[½ìYcEDm½ Æ�XED� yÂT CC½ Ã¸¸Ì¹Ã·T ßGD½ ·¸¸¸½»Ã7¼ µ½ V½ ßGa�G�½ ºÒnvNRuLPSNn ÄtQNRWÛ ÒnvQRQnqQ Lnp ÔQLRnSns ÊVsNRSPtuO ½½ ÆKIKa�GDZXGFIX [`DIX [HJX �JJ Buu¿¿¿½HYcXDXYaX½C��½aGm½Ga½̀ WumGaWG�»ÃÃ¼ Î½ V½ ßGa|HIIHGm[T Á½ V½ Ê½ ¶IEGYX ÄtQ PtQNRW Nv QRRNR qNRRQqPSns qNpQO ÁEDJ� JEIIGYb ÀI[XÇ�HXDT Êm[JXDbGmT Æ�X ÁXJ�XDIGYb[T ·¸òò»Ã¹¼ V½ ¾½ ßG[[X� º¤tSvP RQsSOPQR OWnPtQOSO Lnp ÜÐÝ pQqNpSns ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� ËTCC½ ¹¿¸Ì¹òóT VGY�HXD ·¸ñó½»Ã¿¼ í½ V½ ßaÀIHXaXT µ½ V½ ßGa�G�T V½ Î½ Â�XYZ½ ºÄoRUN pQqNpSns LO Ln SnOPLnqQ Nv ÃQLRV ÆO UQVSQvMRNMLsLPSNn LVsNRSPtu½½ ìÀÀÀ VE`DYGI EY ¶XIXaJXb ÊDXG[ HY ÂEmm`YHaGJHEY[T �EI½ ·ñT CC½·¹óÌ·¿7T ÎXF½ ·¸¸º»Ãñ¼ ß½ ßE�XD½ ºÇQqNpSns �SL qRNOO QnPRNMW uSnSuS¼LPSNn½½ ÈDEa½ Ec Å¾ýÄÀÂýß ·¸¸ÃT JE`[JEYTX¶ÊT CC ºó¸Ìº·ÃT YE�½ ·¸¸Ã½»Ãò¼ |½ |½ ÈXJXD[EYT À½ V½ |XIbEY ÑRRNR qNRRQqPSns qNpQO ßìÆ ÈDX[[T ÂGmFDHbZXT ßÊT ·¸ò7»Ãº¼ V½ Å½ ÈDEGWH[ ºÇSsSPLV qNuuonSqLPSNnO ½½ ßaÅDG¿ÇJHIITÄE[EYTX¶ÊT ¹eme KbHJHEYT 7óó·½»Ã¸¼ í½ È�YbHG�T Ê½ ÅIG�HX`gT Ê½ ÈHaGDJT ¶½ VGai½ ºÍQLR NMPSuou MRNpoqP qNpQO ½½ ÈDEa½ Ec Å¾ýÇÄÀÂýß ·¸¸¹T ¶GY ÎDGYaH[aET X¶ÊT CC½ ÃÃ¸ÌÃ¹ÃT ·¸¸¹½»¹ó¼ ì½ ¶½ íXXbT Å½ ¶EIEmEY½ ºÃNVWnNuSLV qNpQO N�QR qQRPLSn ÎnSPQ ÎQVpO ½½ VE`DYGI ¶ìÊßT �EI½ºT CCÃóóÌÃó¹T ·¸ñó½»¹·¼ Æ½ íHa�GDb[EYT í½ XDFGYWX½ ºÄtQ qLMLqSPW Nv VNr pQnOSPW MLRSPW qtQq� qNpQO onpQR uQOOLsQMLOOSns LVsNRSPtu½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� y×�7�T CC½ ¿¸¸Ìñ·òT ÎXF½ 7óó·½»¹7¼ Æ½ íHa�GDb[EYT Ê½ ¶�EWDEIIG�HT í½ XDFGYWX½ ºÇQOSsn Nv qLMLqSPW LMMRNLqtSns SRRQsoVLR VNrpQnOSPW MLRSPW qtQq� qNpQO ½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� y×�7�T CC½ ñ·¸ÌñÃòT ÎXF½ 7óó·½»¹Ã¼ V½ V½ íH[[GYXY½ ºØQnQRLVS¼Qp ÞRLvP SnQßoLVSPW Lnp LRSPtuQPSq qNpSns ½½ ìÄß VE`DYGI íX[XGDa�GYb µX�½T �EI½ 7óT ÁE½ ÃTCC½ ·¸ºÌ7óÃT mGH ·¸òñ½»¹¹¼ Â½ ¶�GYYEY½ ºÊ uLPtQuLPSqLV PtQNRW Nv qNuuonSqLPSNn ½½ ÄXII ¶�[J½ ÆXa�½ V½T�EI½ 7òT CC½ ñ7ÃÌñ¿¸ XJ CC½ ñ7ÃÌñ¿ñT Ë`HIIXJ XJ EaJEFDX ·¸¹º½ ÆKIKa�GDZXGFIX [`DIX [HJX �JJC Buu¿¿¿½mGJ�½C[`½Xb`uZ`YX[�uÀYJDEC�u[�GYYEY½C[ E` �JJC Buuam½FXIIÇIGF[½aEmuamum[u¿�GJu[�GYYEYbG�uCGCXD½�JmI
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»¹¿¼ Ä½ ¶WIGD½ ºÊ MRSuQR Nn ÄoRUN ÐNpQ qNnqQMPO ½½ ìÀÀÀ ÂEmm`YHaGJHEY[ ßGZGÉHYX T CC½ ¸¹Ì·ó7TµXa½ ·¸¸ò½»¹ñ¼ ß½ �GY µHËWT ¶½ ÀZYXDT í½ ßEJ¿GYHT Ê½ �ECCXIGXD½ º¤SuoVPLnQNoO ¼QRN�PLSVSns Nv MLRLVVQVqNn�NVoPSNnLV qNpQO ½½ ÈDEa½ Ec J�X 7óóó ìYJ½ ¶�mC½ EY ìYcE½ Æ�XED�T ¶EDDXYJET ìJGIHGT CC½ ÃñºTV`HY 7óóó½»¹ò¼ Ê½ V½ �HJXDFH½ ºÑRRNR UNonpO vNR qNn�NVoPSNnLV qNpQO Lnp Ln LOWuMPNPSqLVVW NMPSuou pQqNpSnsLVsNRSPtu½½ ìÀÀÀ ÆDGY[½ ìYcEDm½ Æ�XED� qxT CC½ 7ñóÌ7ñ¸T Ê�DHI ·¸ñò½»¹º¼ Ê½ V½ �HJXDFHT V½ �½ ým`DG½ ºÃRSnqSMQO pQO qNuuonSqLPSNnO nouÅRSßoQO ½½ ÀbHJHEY µ`YEbTÂÁÀÆÇÀÁ¶ÆT ·¸º7½»¹¸¼ Ê½ ß½ �HJXDFHT Ê½ V½ �HJXDFHT V½ ÁHaEIG[T Á½ Æ½ ¶HYb�`[�G�GYG ºÃQROMQqPS�QO Nn SnPQRVQL�QpqNnqLPQnLPQp qNpQO rSPt SPQRLPS�Q ONvP NoPMoP pQqNpSns ½½ ÈDEa½ Ec J�X ìYJ½ ¶�mC½ EY Æ`DFE ÂEbX[GYb íXIGJXb ÆECHa[T ÄDX[JT ÎDGYaXT ¶XCJ½ ·¸¸ò½»¿ó¼ Á½ |HFXDZT J½ Ê½ ¾EXIHZXDT í �EJJXD½ ºÐNpQO Lnp SPQRLPS�Q pQqNpSns Nn sQnQRLV sRLMtO ½½À`DECXGY ÆDGY[½ EY ÆXIXaEmm½TË�¿�T CC½ ¿·ÃÌ¿7ñT ¶XCJ½ ·¸¸¿½»¿·¼ Ì½ ÌG[`bGT �½ �G[�HWHT J½ JHDGJG½ ºÝSst RLPQ MonqPoRQp qNn�NVoPSNnnLV qNpQO vNR ONvP�pQqSOSNnÓSPQRUS pQqNpSns ½½ ìÀÀÀ JDGY[½ EY ÂEmm`YHaGJHEY[ xsT CC½ Ã·¿ÌÃ·¸T ßGD[ ·¸º¹½»¿7¼ V½ ÕH� XJ Ê½ ¾XmCXI½ ºÐNuMRQOOSNn Nv SnpS�SpoLV OQßoQnqQO �SL �LRSLUVQ RLPQ qNpSns ½½ ÈDEa½ìÀÀÀ ÆDGY[½ EY ìYcE½ J�XED�T �EI½ ìÆÇ7¹T ÁE½ ¿TCC½ ¿ÃóÌ¿ÃñT [XCJXmFDX ·¸òº½
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